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ABSTRACT
Context. The space-borne missions CoRoT and Kepler have already brought stringent constraints on the internal structure of low-
mass evolved stars, a large part of which results from the detection of mixed modes. However, all the potential of these oscillation
modes as a diagnosis of the stellar interior has not been fully exploited yet. In particular, the coupling factor or the gravity-offset of
mixed modes, q and εg, are expected to provide additional constraints on the mid-layers of red giants, which are located between the
hydrogen-burning shell and the neighborhood of the base of the convective zone. The link between these parameters and the properties
of this region, nevertheless, still remains to be precisely established.
Aims. In the present paper, we investigate the potential of the coupling factor in probing the mid-layer structure of evolved stars.
Methods. Guided by typical stellar models and general physical considerations, we modeled the coupling region along with evolu-
tion. We subsequently obtained an analytical expression of q based on the asymptotic theory of mixed modes and compared it to
observations.
Results. We show that the value of q is degenerate with respect to the thickness of the coupling evanescent region and the local
density scale height. On the subgiant branch and the beginning of the red giant branch (RGB), the model predicts that the peak in
the observed value of q is necessarily associated with the important shrinking and the subsequent thickening of the coupling region,
which is located in the radiative zone at these stages. The large spread in the measurement is interpreted as the result of the high
sensitivity of q to the structure properties when the coupling region becomes very thin. Nevertheless, the important degeneracy of q
in this regime prevents us from unambiguously concluding on the precise structural origin of the observed values. In later stages, the
progressive migration of the coupling region toward the convective zone is expected to result in a slight and smooth decrease in q,
which is in agreement with observations. At one point just before the end of the first-dredge up and the luminosity bump, the coupling
region becomes entirely located in the convective region and its continuous thickening is shown to be responsible for the observed
decrease in q. We demonstrate that q has the promising potential to probe the migration of the base of the convective region as well
as convective extra-mixing during this stage. We also show that the frequency-dependence of q cannot be neglected in the oscillation
spectra of such evolved RGB stars, which is in contrast with what is assumed in the current measurement methods. This fact can have
an influence on the physical interpretation of the observed values. In red clump stars, in which the coupling regions are very thin and
located in the radiative zone, the small variations and spread observed in q suggest that their mid-layer structure is very stable.
Conclusions. A structural interpretation of the global observed variations in q was obtained and the potential of this parameter
in probing the dynamics of the mid-layer properties of red giants is highlighted. This analytical study paves the way for a more
quantitative exploration of the link of q with the internal properties of evolved stars using stellar models for a proper interpretation of
the observations. This will be undertaken in the following papers of this series.
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1. Introduction
Over the last decades, asteroseismology has been proven to be a
powerful method to probe the interior of a large variety of stars at
diverse evolutionary stages (e.g., Di Mauro 2016, and references
therein). Among different classes of pulsations are the solar-like
oscillations, which are global stable modes that are both excited
and damped by turbulence in the outermost convective layers of
stars. The frequency pattern of these modes is known to be an im-
portant source of constraints on stellar properties (e.g., Samadi
et al. 2015). However, because of intrinsically low amplitudes,
the observation of such oscillations in distant stars were diffi-
cult before the advent of the photometric space-borne missions
CoRoT (Baglin et al. 2006a,b) and Kepler (Borucki et al. 2010).
Indeed, both missions marked a key turning point in the field.
They provided high-quality seismic data that enabled the detec-
tion of solar-like oscillations in thousands of low-mass stars from
the main sequence to the red giant phases. This large number of
constraints subsequently led to a revolution in our understanding
of stellar structure and stellar evolution (see Chaplin & Miglio
2013, for a review).
Among the main successes of the aforementioned missions
was the detection of mixed modes in red giant and red clump
stars (e.g., Bedding et al. 2010; Beck et al. 2011; Mosser et al.
2011). Mixed modes can propagate in two resonant cavities lo-
cated in the inner radiative zone, where they behave as grav-
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ity modes, and in the external envelope, where they behave as
pressure modes. Both cavities are coupled by an intermediate re-
gion located between the profiles of the Brunt-Väisälä and Lamb
frequencies where mixed modes are evanescent (e.g., Hekker
& Christensen-Dalsgaard 2017, for a recent review; see also
Fig. 1). After the exhaustion of the central hydrogen at the end
of the main sequence, the structural changes resulting from the
contraction of the helium core and the expansion of the envelope
in evolved stars made such a coupling possible. The frequency
pattern of mixed modes observed in these stars contains the sig-
nature of the innermost layers in which they propagate and thus
has the potential to provide stringent constraints on their proper-
ties.
First, the detection of mixed modes gave us access to the
period spacing of dipolar modes, denoted with ∆Π1, which was
measured in about 6100 evolved stars observed by the Kepler
satellite (e.g., Mosser et al. 2012b; Vrard et al. 2016). This seis-
mic index was shown to be correlated with the mass of the he-
lium core (e.g., Montalbán et al. 2013). Besides, the frequency
large separation between two consecutive radial modes, denoted
with ∆ν, is sensitive to the mean envelope density; together, they
form a couple of indicators of the evolutionary state during the
post-main sequence that permits to unambiguously discriminate
between hydrogen-burning shell stars on the red giant branch
(hereafter, RGB) and helium-burning core stars on the red clump
(e.g., Bedding et al. 2011; Mosser et al. 2012b, 2014). Sec-
ond, the measurement of rotationally-induced frequency split-
tings provided an estimate of the core rotation rate in hundreds
of evolved stars (e.g., Gehan et al. 2018, and references therein)
that turned out to be much lower than predicted in current stel-
lar models (e.g., Marques et al. 2013; Cantiello et al. 2014).
These seismic observations represent a goldmine of information
to identify and characterize the missing mechanism that is re-
sponsible for these slow core rotations among several candidates
(e.g., Belkacem et al. 2015a,b; Spada et al. 2016; Pinçon et al.
2017, and references therein).
All the seismic constraints provided by mixed modes re-
sulted not only in a better characterization of the interior of
evolved stars themselves, but also of the structural properties of
their past and future evolutionary stages (e.g., Montalbán et al.
2013; Cantiello et al. 2014, for such investigations). Moreover,
such advancements on a large sample of stars benefited to other
connected fields as Galactic archaeology, for which evolved stars
represent key targets owing to their high luminosity and their
wide mass range (e.g., Miglio et al. 2013; Mosser & Miglio
2016; Noels et al. 2016). However, all the probing potential of
mixed modes has not been explored yet. In particular, the gravity
offset and coupling factor of mixed modes, denoted with εg and
q, respectively, are expected to bring additional constraints on
the red giant structure. These seismic parameters, which charac-
terize the frequency pattern of mixed modes, were measured in
a large sample of stars by Mosser et al. (2017, 2018). The varia-
tions in the gravity offset during the evolution on the RGB were
recently shown by Pinçon et al. (2019) to be sensitive to the den-
sity contrast between the core and the envelope, and to the loca-
tion of the base of the convective region. Regarding the coupling
factor, the relation between the observed values and the internal
properties nonetheless still calls for further investigations.
The coupling factor describes the degree of interaction be-
tween the central and the external resonant cavities of mixed
modes. The theoretical link between q and the internal struc-
ture was originally provided by the asymptotic analysis of mixed
modes of Shibahashi (1979) in the limiting case of a thick inter-
mediate evanescent zone (sometimes called the weak coupling
hypothesis). This study showed that q depends on the wave trans-
mission coefficient through the evanescent zone, which is located
between the hydrogen-burning shell and the neighborhood of the
base of the convective zone. This was confirmed later by Takata
(2016a,b) from a more general point of view. While ∆ν and
∆Π1 are sensitive to the external layers and the surrounding of
the helium core, respectively, the coupling factor thus promises
to bring us substantial information on this intermediate region,
where most of the star luminosity is produced at this evolution-
ary stage and where mixing processes at the interface between
the convective and radiative zones can occur.
The first measurements of q in Kepler evolved stars were
obtained by fitting the asymptotic expression derived by Shiba-
hashi (1979) to the observed frequency pattern of dipolar mixed
modes, considering q as a free parameter (e.g., Mosser et al.
2012b; Buysschaert et al. 2016; Vrard et al. 2016). All these
works demonstrated that this asymptotic analytical form well re-
produces the observed frequency pattern but requires values of
q higher than 1/4 in some stars, in disagreement with the an-
alytical predictions obtained in the weak coupling hypothesis.
Jiang & Christensen-Dalsgaard (2014) reached the same conclu-
sions by comparing the asymptotic frequencies with the theo-
retical frequencies computed via an oscillation code in evolved
stellar models (see also Hekker et al. 2018). These works under-
lined the need for going beyond the weak coupling hypothesis,
which is a prerequisite for fully grasping the information brought
by q on the internal structure. Motivated by such discrepancies,
Takata (2016a) then developed an asymptotic analysis of mixed
modes in the reverse limiting case of a very thin evanescent zone
(sometimes called the strong coupling hypothesis). In this for-
malism, the expression of mixed modes is similar to that in the
weak coupling hypothesis, except that q can take values between
zero and unity. This result validated the fitting procedures used
in the previous observational studies, which assumed q as a free
parameter between zero and unity, as well as their outcomes.
In parallel to the work of Takata (2016a), Mosser et al. (2017)
proposed a new automated method to measure q in a large set
of stars. This in-depth investigation confirmed previous obser-
vational results and provided a coherent view of the coupling
factor for dipolar modes during the post-main sequence evolu-
tion. The large-scale measurement in more than 5000 evolved
stars showed that the value of q changes during evolution with
clear signatures at the transition from the subgiant phase to the
RGB as well as to the red clump, where high values of q are
observed, in qualitative agreement with the recently-proposed
strong coupling formalism. Assuming the evanescent region is
located in the radiative layers just above the helium core, as sug-
gested in stellar models of young red giant stars, Mosser et al.
(2017) showed that the value of q depends both on the variation
scale height of the Brunt-Väisälä frequency and on the thickness
of the evanescent region; however, they could not directly disen-
tangle the origin of the observed variations in q among these two
properties.
In this series of papers, we aim to clarify further the link be-
tween the coupling factor of mixed modes and the internal prop-
erties of evolved stars from a theoretical point of view. As a step-
ping stone to the investigation, an analytical approach is consid-
ered in this first paper. Using the available asymptotic analyses
(i.e., both in the weak and the strong coupling hypotheses), we
search for simplified expressions of q and scrutinize in detail the
physical information encapsulated inside this parameter and its
variations during evolution. The paper is organized as follows.
In Sects. 2 and 3, the theoretical background about mixed modes
is introduced within the framework of the asymptotic limit, with
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emphasis on the coupling factor and its physical meaning. Fol-
lowing this introductory material, a simple model is then devel-
oped in Sect. 4. It is based on the power-law behavior of the
Brunt-Väisälä and Lamb frequencies in the evanescent region,
as assumed by Mosser et al. (2017), but in contrast also accounts
for the migration of the evanescent region from the radiative to
the convective zones during the evolution on the RGB. The re-
lation between q and the properties of the intermediate evanes-
cent region is subsequently examined. The observations are then
interpreted in the light of the analytical model in Sect. 5. The
results and main assumptions used in this work are discussed in
Sect. 6 and the conclusions are formulated in Sect. 7.
2. Mixed mode cavities in evolved stars
We introduce the basic background about mixed modes in
evolved stars within the asymptotic framework, which is in the
short-wavelength WKB approximation (e.g., Gough 2007). The
structures of the resonant cavities and the coupling evanescent
region are presented. In the following, we focus on dipolar ` = 1
modes, with ` the angular degree, because of the peculiar role
they play from an observational point of view. Indeed, among
mixed modes whose energy is mainly trapped in the core of
evolved stars and that are thus mostly sensitive to the proper-
ties of the innermost layers, the dipolar ones are the most easily
detectable (e.g., Dupret et al. 2009; Benomar et al. 2014; Gros-
jean et al. 2014). As a result, the measurement of the coupling
factor in a large set of stars is currently mainly limited to dipolar
modes with Kepler data.
2.1. Dispersion relation
Solar-like oscillation modes result from the constructive inter-
ferences of gravito-acoustic waves stochastically excited in the
uppermost layers of stars and traveling back-and-forth several
times between the center and the surface. The propagation of
these waves is physically ruled by a fourth-order linear differ-
ential equation under the adiabatic approximation (e.g., Unno
et al. 1989). In order to analytically study stellar oscillations,
the Cowling approximation (e.g., Cowling 1941), which con-
sists in neglecting the perturbation of the gravitational potential
denoted with Φ′ in the following, was usually adopted in previ-
ous works. This reduces the adiabatic oscillation equations from
the fourth to the second order, and thus makes these tractable
with usual asymptotic methods. However, this hypothesis re-
mains questionable for dipolar modes because of their very large
horizontal wavelength (see Sect. A.1). Fortunately, owing to the
Hamiltonian structure of the adiabatic stellar oscillations and the
existence of a general first integral for dipolar modes, Takata
(2005, 2006a,b) demonstrated that the dipolar wave equation can
be rewritten in the form of a second-order differential equation,
which has the advantage of fully considering the perturbation of
the gravitational potential and being analytically tractable. To do
this, the dependent variables of the governing equations have to
be modified from the standard mass displacement to the reduced
displacement, which means the displacement of mass elements
minus that of the center of mass of the corresponding concentric
mass.
In the asymptotic limit, Takata (2006a, 2016a) demonstrated
that accounting for the perturbation of the gravitational potential
modifies the dispersion relation of dipolar modes; in this case,
this takes the form of
k2r =
σ2
c2
(N2
σ2
− 1
) S21
σ2
− 1
 , (1)
where kr is the local radial wavenumber, σ is the angular mode
frequency, c2 = (Γ1p)/ρ is the squared sound speed, Γ1 is the
first adiabatic index, and p and ρ are the equilibrium pressure
and density, respectively. In this latter equation, N and S1 are
the modified Brunt-Väisälä and Lamb frequencies (for ` = 1),
respectively, which account for the perturbation of the gravita-
tional potential, and are defined as
N = N
J
and S1 = S 1J . (2)
where N and S ` are the usual Brunt-Väisälä and Lamb frequen-
cies defined as (e.g., Unno et al. 1989)
S 2` =
`(` + 1)c2
r2
(3)
N2 =
g
r
(
1
Γ1
d ln p
d ln r
− d ln ρ
d ln r
)
, (4)
in which r is the radius in the star and g is the gravitational ac-
celeration. The J factor in Eq. (2) is equal to
J = 1 − 1
3
d ln Mr
d ln r
= 1 − 4pir
3ρ
3Mr
= 1 − ρ(r)
ρav(r)
, (5)
in which Mr and ρav(r) represent the mass and mean density in-
side the spherical shell of radius r, respectively. The continuity
equation (dMr/dr) = 4pir2ρ has been used in the second equal-
ity of Eq. (5). Under the Cowling approximation, the dispersion
relation has the same form as Eq. (1), except that N and S1 are
replaced by the usual critical frequencies N and S 1, respectively
(e.g., Unno et al. 1989). Indeed, the adiabatic oscillation equa-
tions for dipolar modes obtained within the Cowling approxima-
tion can be retrieved from the set of Eqs. (1)-(9) provided by
Takata (2016a) in the non-Cowling case, in the limits of J → 1
and Φ′ → 0.
As an illustration, the modified Brunt-Väisälä and ` = 1
Lamb frequencies are displayed in Fig. 1 as a function of radius
for three 1.2M stellar models. These models correspond to stars
on the subgiant branch (SG), at the beginning of the ascent of
the RGB (YR) and just before the bump of luminosity (ER). The
modified Brunt-Väisälä and Lamb frequencies are compared to
the usual expressions given in Eqs. (3) and (4) in the same figure.
The internal radiative zone and the adiabatic external convective
zone, where N2 ≈ 0, can be easily distinguished. To be com-
plete, the J factor is also plotted for the three considered models
in Fig. 2. The stellar models were computed with the CESTAM
evolution code (Marques et al. 2013), considering a solar mix-
ture following Asplund et al. (2009), solar calibrated initial he-
lium and metal abundances Y0 = 0.25 and Z0 = 0.013, and a
solar calibrated mixing-length parameter αMLT = 1.65. The in-
put physics is standard, without microscopic diffusion, rotation
nor overshooting. The models and their evolutionary tracks are
indicated in the Hertzsprung-Russell diagram (HR diagram) in
Fig. 3. As shown in Fig. 1, a clear difference can be observed
between the usual and the modified critical frequencies below
the hydrogen-burning shell, because of very low values of J.
In the helium core, the density is nearly uniform and we can
show by a second-order Taylor expansion near the center that
J ≈ (−7ρ′′c /10ρc) r2, with ρc and ρ′′c the density and its second-
derivative with respect to radius at the center. The effect of the
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Cowling approximation on the behavior of dipolar mixed modes
is thus important in the central layers. In contrast, the usual and
modified critical frequencies share comparable behavior above
the hydrogen-burning shell (i.e., N ≈ N and S 1 ≈ S1). How-
ever, Jiang & Christensen-Dalsgaard (2014) and Mosser et al.
(2017) showed using stellar models that the Cowling approxima-
tion can lead to incorrect estimates of the mode coupling through
the evanescent region. We therefore keep the influence of the per-
turbation of the gravitational potential in the following by con-
sidering the modified expression of the critical frequencies. The
effect of the Cowling approximation on the mode coupling is
discussed in more detail in Sect. 3.3.1, after having properly in-
troduced the coupling factor in the asymptotic framework.
2.2. Propagation diagram in evolved stars
As shown by Eq. (1), the propagation and trapping of waves
in stars are determined by the profiles of the Brunt-Väisälä and
Lamb frequencies, and on the typical oscillation frequency. Ex-
citation models by turbulent convection (e.g., Samadi et al. 2015)
and observations (e.g., see Fig. 6 in Mosser et al. 2013b) show
that solar-like oscillations are efficiently generated in a narrow
frequency range around a certain frequency at maximum oscil-
lation power, which is denoted with νmax. Empirical and theoret-
ical studies demonstrated that νmax scales as the acoustic cut-off
frequency at the stellar surface (e.g., Brown et al. 1991; Kjeld-
sen & Bedding 1995; Belkacem et al. 2011, 2013). It results in a
scaling relation between νmax, the mass M, the radius R and the
effective temperature Teff of a given star, that reads
νmax ≈ νmax,
(
M
M
) (
R
R
)−2 ( Teff
Teff,
)−1/2
, (6)
which has been scaled for our purpose to the solar reference
value νmax, = 3104 µHz such as prescribed by Mosser et al.
(2013a). Typically, mixed modes are visible over a 6∆ν-wide
frequency range around νmax (e.g., Grosjean et al. 2014; Mosser
et al. 2018). Here, ∆ν represents the frequency spacing between
two pressure radial modes with consecutive radial orders, the
asymptotic expression of which is given by (e.g., Unno et al.
1989)
∆ν =
(
2
∫ R
0
dr
c
)−1
. (7)
Such typical observed frequency ranges are represented in Fig. 1.
We find νmax ≈ 700, 260, and 50 µHz and ∆ν ≈ 43, 20, and 6 µHz
for the models SG, YR, and ER, respectively.
According to Eq. (1), propagation diagrams in Fig. 1 show
that observed oscillation modes can propagate (i.e., k2r > 0) in a
central radiative cavity whereσ2 < (N2 and S21) and they behave
as gravity modes (buoyancy cavity), and in an outer cavity where
σ2 > (N2 and S21) and they behave as pressure modes (acous-
tic cavity). In these typical models, we also see that considering
an asymptotic description is reasonable since νmax  N/2pi and
νmax  S 1/2pi inside both cavities, respectively, so that kr  1/r
according to Eq. (1) and the number of radial nodes is much
larger than unity. Both resonant cavities are coupled by an in-
termediate evanescent zone (i.e., k2r < 0) located between the
profiles of the (modified) Brunt-Väisälä and Lamb frequencies,
through which the mode energy is transmitted from a cavity to
another cavity. More exactly, the evanescent region is located
between the turning points r1(σ) and r2(σ) where k2r vanishes,
Fig. 1. Profiles of the modified (solid lines) and usual (dashed lines)
Brunt-Väisälä and Lamb frequencies (for ` = 1) as a function of ra-
dius in three 1.2M stellar models, corresponding to a subgiant star
(SG), a young (YR) and an evolved (ER) red giant stars, respectively
(see HR diagram in Fig. 3). The base of the convective zone (BCZ)
and the hydrogen-burning shell (vertical dash-dotted line) are indi-
cated. The blue horizontal strip symbolizes a 6∆ν-wide frequency range
around νmax computed via Eqs. (6) and (7). Propagation occurs where
2piν . (N and S1) or 2piν & (N and S1), and evanescence otherwise.
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Fig. 2. J factor defined in Eq. (5) as a function of radius in the three
1.2M stellar models considered in Fig. 1. The vertical dash-dotted and
dashed lines represent the hydrogen-burning shell and the base of the
convective zone, respectively.
that is, where N(r1) = σ and S1(r2) = σ. These are the so-
called mixed modes with a dual character of pressure and grav-
ity modes. Such a configuration of coupling is not encountered
in main sequence stars since νmax is greater than the maximum
value of the Brunt-Väisälä frequency in the radiative zone. Nev-
ertheless, as a star evolves on the post-main sequence, its helium
core contracts and becomes denser and denser. As observed in
Fig. 1, this leads to an increase in the value of the Brunt-Väisälä
frequency near the hydrogen-burning shell, denoted with NM,
that is, just above the helium core. Indeed, since N2 ∼ g/r at
first order in the radiative zone, with g = GMr/r2, we have
N2M ∼ GMHe/R3He ∝ Gρ¯He where MHe, RHe and ρ¯He are the mass,
radius and mean density of the helium core, respectively. Simi-
larly, using the hydrostatic equilibrium and the sound speed defi-
nition, we can show that S 21 ∼ g/r at first order in this region (see
Eq. (B.5) for instance); the profile of the Lamb frequency thus
also increases during evolution in the inner layers. In contrast
to the core contraction, the envelope expands (i.e., R increases)
while the stellar luminosity L increases and the effective tem-
perature decreases. From the Stefan-Boltzmann relation, which
is L ∝ R2T 4eff , it is thus obvious that the effective temperature
Teff decreases more slowly than 1/
√
R. According to Eq. (6) at
a given mass, νmax thus decreases during evolution, as seen in
Fig. 1. As a result, the combined effects of the core contraction
and envelope expansion make the coupling between the inner
buoyancy cavity and the outer acoustic cavity possible in evolved
stars. This happens as soon as the subgiant stage starts (see the
transition between the dashed and solid lines in Fig. 3).
Figure 1 also shows that the intermediate evanescent zone
that couples the buoyancy and acoustic cavities evolves on the
post-main sequence. It even radically changes in nature and in
structure at some point during the ascent on the RGB. Indeed, for
subgiant stars (e.g., model SG) and young red giant stars (e.g.,
model YR), the evanescent zone is located inside the radiative
zone, between the hydrogen-burning-shell and the base of the
convective zone. In the following, we call such a coupling zone
Type-a evanescent region. As shown in Fig. 1, the radial extent
of Type-a evanescent regions can be very thin on the subgiant
branch (e.g., model SG), and becomes slightly thicker in young
red giant stars (e.g., model YR). At one point during the evolu-
Fig. 3. Evolutionary sequence of 1.2M stellar models in the HR di-
agram, from the zero-age main sequence to the tip of the RGB. The
solid line represents the domain where a coupling between the core and
the envelope is possible and mixed modes can be observed, unlike the
dashed line. The red stars represent the three models (SG, YR and ER)
considered as examples in Fig. 1. The square qualitatively labels the
transition point from a Type-a evanescent region to a Type-b evanescent
region.
tion, the value of νmax becomes low enough for the evanescent
region to be entirely located in the convective zone and its lower
bound to be very close to the radius at the base of the convec-
tive zone, denoted with rb (e.g., model ER). In the following, we
call such a coupling zone Type-b evanescent region. As shown
in Fig. 1, Type-b evanescent regions are expected to be much
thicker than Type-a evanescent regions. The transition phase be-
tween both configurations is indicated by a red square in the HR
diagram of Fig. 3 and turns out to occur before the luminosity
bump. In red clump stars, the structural readjustments resulting
from the helium burning ignition lead again to Type-a evanescent
regions (e.g., see Fig. 9 in Hekker et al. 2018).
We note that Type-a and Type-b evanescent regions gen-
erally match the cases a and b considered in Pinçon et al.
(2019), which are associated with stars such as νmax & Nb/2pi
and νmax . Nb/2pi, respectively, where Nb is the value of
the modified Brunt-Väisälä frequency just below the base of
the convective region. Using standard stellar models with the
same input physics as used to build the stellar models consid-
ered in Fig. 1, Pinçon et al. (2019) estimated that the transi-
tion from case a to case b, thus corresponding to the transition
from Type-a to Type-b evanescent regions, occurs for values of
νmax equal to νmax,t ≈ 110, 95, 80, 70, 60, and 50 µHz, for typi-
cal stellar masses of 1, 1.2, 1.4, 1.6, 1.8, and 2M, respectively.
Using the νmax-∆ν scaling law ∆ν ≈ 0.28ν0.75max with ∆ν and νmax
expressed in µHz (e.g., Mosser et al. 2012a; de Assis Peralta
et al. 2018), this transition is expected to occur for values of ∆ν
between 10 µHz and 5 µHz in the same mass range. This change
of configuration during evolution impacts the coupling of mixed
modes through the intermediate evanescent region and therefore
needs to be considered.
2.3. Structure of the evanescent coupling region
The actual shape of the evanescent zone, and thus the coupling
between the resonant cavities, depend on the profiles of the
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(modified) Brunt-Väisälä and Lamb frequencies since, accord-
ing to Eq. (1), these latter define the decay length of the mode
amplitude in this region. Actually, as shown in Appendix B.1,
both N and S1 profiles are intrinsically related to the mass dis-
tribution inside the star, represented by the J factor in Eq. (5).
In the radiative zone, between the hydrogen-burning shell
and the base of the convective region, Fig. 2 shows that J re-
mains nearly uniform with values higher than 0.7 in the con-
sidered models, indicating a high density contrast between the
considered layers and the helium core. Using the internal struc-
ture equations and simple analytical models, we demonstrate
in Appendix B.2 that this high density contrast is the main
responsible for the similar power-law behavior of N and S1
with respect to radius in this region (see Fig. 1). Actually, the
parallel profiles of N and S1 result from their dependence in
(g/r)1/2, as shown through Eqs. (D.7) and (D.8) considering
(d ln p/d ln r), (d ln ρ/d ln r) and J as nearly uniform. Since by
definition N(r2) = σ and S1(r1) = σ, we thus can write in a
good approximation in the upper radiative layers (e.g., Takata
2016a; Mosser et al. 2017)
N(r) ≈ σ
( r1
r
)β
and S1(r) ≈ σ
( r2
r
)β
, (8)
where β is defined as the (minus) logarithmic derivative of S1 in
the middle of the evanescent region at rev, that is,
β ≡ −
(
d lnS1
d ln r
)
rev
. (9)
In this power-law configuration, a simple relation exists between
β, J and the local polytropic exponent, γ = (d ln p/d ln ρ), which
reads (see Appendix B.1)
β ≈ 3
2
J ≈ 1
2 − γ . (10)
Considering both limiting cases of an isothermal perfect gas or
a relativistic photon gas, we can expect the values of γ to range
between about 1 and 4/3 in the radiative layers surrounding the
helium core. According to Eq. (10), we thus expect J to range
between about 2/3 and 1, and β to range between about 1 and
1.5. We check that such an expected range for β is in agreement
with stellar models of typical subgiant and RGB stars. During
this phase of the evolution, the density contrast between the core
and the envelope increases, and thus the value of J increases too
(see Fig. 2). According to Eq. (10), the value of β is therefore
also expected to increase. This trend in the slope of N and S1 is
clearly observed in stellar models, as shown in Fig. 1.
In the deep layers of the convective region of evolved red
giant stars (e.g., model ER), the equation of state is adiabatic
and Fig. 1 shows that the Lamb frequency closely behaves as a
power law of radius, so that we can write at first approximation
N ≈ 0 and S1(r) ≈ σ
( r2
r
)β
. (11)
The inner turning point associated with the evanescent region is
assumed to coincide with the radius at the base of the convec-
tive zone, rb. Although Eq. (11) represents a first-step descrip-
tion of the evanescent region, we note that the hydrostatic equi-
librium and continuity equations do not allow S1 to rigorously
follow a power law of radius in such an adiabatic region (see Ap-
pendix B.1.5 for details). In particular, this implies that the same
relation as in Eq. (10) does not apply in this region; instead, the
link between β, J and γ is ruled by a more complicated differen-
tial equation. Using typical stellar models of evolved red giant
stars with Type-b evanescent regions, we find that the value of β
lies in a confident range going from 1.2 to 1.5 over the evanes-
cent region, and that the value of J ranges between 0.8 and 1.
In the following, the approximations made in Eqs. (8) and
(10) or in Eq. (11) enable us to analytically express q in Type-a
or Type-b evanescent regions, respectively, while accounting for
the relation between these three variables in a consistent way.
Before going further, we first need to introduce in more detail
the coupling factor of mixed modes.
3. Theoretical background about the coupling factor
In this section, the physical meaning of the coupling factor of
mixed modes is introduced from a general point of view and
discussed by means of an instructive toy model. Its general ex-
pressions in the asymptotic limit are subsequently presented.
3.1. Physical definition
The eigenfrequencies of mixed modes are selected by the bound-
ary conditions that are imposed at the center and surface, result-
ing in a discrete spectrum. The asymptotic resonance condition
was first provided by the analyses of Shibahashi (1979) and Tas-
soul (1980) in the hypothesis of a very thick evanescent coupling
region. This expression was rewritten in an observational context
by Mosser et al. (2012b) in the form of
cot Θg tan Θp = q , (12)
where Θg and Θp are frequency-dependent phase terms asso-
ciated with the propagation of waves in the inner and exter-
nal cavities, respectively, and q is the so-called coupling factor.
The observed frequency pattern of mixed modes in stars is thus
partly determined by the value of the coupling factor (e.g., see
Mosser et al. 2012b, 2017). Using basic wave principles and the
WKB approximation, Takata (2016a,b) later demonstrated that
the form of the resonance condition in Eq. (12) actually holds
true whatever the thickness of the evanescent region. The au-
thor showed in general terms that Θg and Θp are both equal to
the sum of the wavenumber integral over each cavity and of the
phase lags introduced at the wave reflection near their bound-
aries (i.e., the associated turning points), and that q is expressed
by
q =
1 − √1 − T 2
1 +
√
1 − T 2
, (13)
where T 2 is the transmission coefficient of the wave energy
through the intermediate evanescent zone. The value of q must
therefore depend on the properties of this region.
From Eqs. (12) and (13), we understand that the coupling
factor measures the degree of interaction between both cavi-
ties, with values between 0 and 1. For example, in the limit of
q → 0 (T 2 → 0), the cavities are independent: from Eq. (12),
either cos Θg = 0 or sin Θp = 0. These conditions are equiva-
lent to the Borh-Sommerfeld’s quantization condition for a grav-
ity mode trapped in the inner cavity1 or for a pressure mode
trapped in the envelope, respectively. In contrast, in the limit of
1 An essential difference exists with the resonance condition of a pure
gravity mode found by Shibahashi (1979). Indeed, in our notation,
Eq. (22) of his paper instead gives sin Θg = 0. Actually, the difference
comes from the fact that Shibahashi (1979) considered that the outer
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q → 1 (T 2 → 1), there is no evanescent zone but a unique res-
onant cavity. In the intermediate case, Takata (2016b) showed
that the value of q rules the squared ratio of the mode amplitude
in the acoustic cavity to the mode amplitude in the buoyancy
cavity. Actually, Goupil et al. (2013, cf. constants a and c in Ap-
pendix A.3 of this paper) demonstrated that this ratio is equiva-
lent to the ratio of the mean time-averaged mode kinetic energy
over one wavelength in the acoustic cavity, denoted with Ep, to
that in the buoyancy cavity, denoted with Eg. From Eq (22) of
Takata (2016b), it can be rewritten
Ep
Eg =
sin(2Θg)
sin(2Θp)
=
1
q
cos2(Θg)
cos2(Θp)
= q
sin2(Θg)
sin2(Θp)
, (14)
where both last equations result from the use of Eq. (12). For
gravity-dominated mixed mode, which are mixed modes with a
gravity-like behavior such as cos Θg ≈ 0 and cos Θp ≈ 0, Eg in
the inner cavity is higher than Ep in the envelope by a factor of
1/q. Inversely, for pressure-dominated mixed modes, which are
mixed modes with a pressure-like behavior such as sin Θp ≈ 0
and sin Θg ≈ 0, Eg is smaller than Ep by a factor of q. In other
cases depending on the mode frequency, the ratio vary between
these two extrema, that is, q ≤ (Ep/Eg) ≤ 1/q. From this lat-
ter inequality, it is obvious that the coupling factor determines
how the mode energy is distributed between the inner cavity
and the envelope, and thus the character of the mode. Indeed,
small values of q preferentially result in eigenmodes with a dom-
inant character (i.e., pressure-dominated or gravity-dominated
modes), while values of q close to unity result in eigenmodes
with an energy more uniformly distributed between both cavi-
ties and thus a pronounced pressure-gravity duality. The value
of the coupling factor therefore plays an important role in the
detectability of the mixed mode frequency pattern (e.g., Gros-
jean et al. 2014; Mosser et al. 2018). In order to examine the
potential of the coupling factor as a seismic diagnosis, we need
to understand how the value of q depends on the properties of
the evanescent region.
3.2. An instructive toy model: a parabolic evanescent zone
Equation (13) shows that q depends only on the wave transmis-
sion factor through the intermediate evanescent zone. While this
formulation is very simple, it is much less easy in practice to
grasp how an incident wave behaves as it encounters such a bar-
rier during its travel and how the wave transmission depends on
the structure of the barrier. As a first step, it is therefore instruc-
tive to study the wave transmission-reflection mechanism in sim-
plified cases that are analytically tractable and can give us qual-
itative clues on this physical process. The most simple situation
is to consider a parabolic evanescent region: one assumes that
the squared local radial wavenumber is represented by a second-
degree polynomial. This is actually similar to study the propaga-
tion of a particle in an inverted harmonic potential in quantum
physics (e.g., Heim et al. 2013).
In such a toy model, the wave equation for a given wave
function Ψ reads
d2Ψ
dr2
+ k2rΨ = 0 with k
2
r =
∣∣∣kr(rev)2∣∣∣ [4 (r − rev)2
∆r2
− 1
]
, (15)
turning point r1 is defined as the radius where σ = S 1(r1) instead of
where σ = N(r1) in our case. This change in the nature of the turn-
ing point therefore results in a phase shift of pi/2 in Θg between both
cases, in a similar way to the effect of the Cowling approximation (see
Sect. 4.2 in Takata 2016a).
where rev is the radius at the middle of the evanescent zone and
∆r is its radial extent. The analytical derivation of the wave en-
ergy transmission coefficient through such an evanescent zone is
detailed in Appendix C following the work of Phinney (1970).
Its final expression reads
T 2 =
1
1 + e2I
, (16)
where I corresponds to the wavenumber integral over the
evanescent region, the general definition of which is provided
by
I ≡
∫ rev+∆r/2
rev−∆r/2
|kr | dr . (17)
The lower and upper bounds of the integral in Eq. (17) corre-
spond to the turning points r1 and r2 defined in Sect. 2.2, re-
spectively. In the case of a parabolic evanescent zone, we find
according to Eq. (15) that
I = pi
4
|kr(rev)|∆r . (18)
Equation (18) shows that I is a proxy for the ratio of the thick-
ness of the evanescent region to the characteristic length scale of
decay of the wave amplitude in this region. In this toy model, the
wave transmission coefficient T 2 in Eq. (16) and thus the associ-
ated mode coupling factor q computed through Eq. (13) depend
only on this ratio (see Fig. C.1 for an illustration).
First, in the limiting case of a very large ratio I  1, we
have T 2 → 0 and q → 0, so that the resonant cavities on both
sides of the evanescent region are independent, as expected from
Sect. 3.1. Then, in the intermediate case, the wave transmission
increases as I decreases, so does the coupling factor. Finally, in
the reverse limiting case of I = 0, ∆r = 0 and the incident wave
energy is as much reflected as transmitted since T 2 = 1/2 from
Eq. (16) and R2 = 1 − T 2 = 1/2 by energy conservation. This
peculiar value of 1/2 is mainly due to the symmetry with respect
to r = rev of a parabolic evanescent barrier. Such a result can
seem counterintuitive at first, since we can naively expect the
wave transmission to be total when ∆r = 0. It is actually not true
since the incident wave still encounters a (double) turning point
at r = rev and is still reflected. The associated mode coupling fac-
tor computed using Eq. (13) is equal to about q (∆r = 0) ≈ 0.17,
which remains weak.
The previous example highlights two general points: reflec-
tion occurs as soon as the wave encounters a turning point, even
if the thickness of the evanescent zone is null; a very thin evanes-
cent zone is not necessarily associated with a strong coupling. It
also shows that in general, the coupling factor is likely to depend
on the wavenumber integral over the evanescent region and so
on its radial extent. By analogy with this example, an evanescent
zone is referred in the following to as thick when the wavenum-
ber integral over its extent is much larger than unity, and it is
referred to as thin when the wavenumber integral over its extent
is equal to or smaller than unity.
3.3. Asymptotic expression of the coupling factor
The general expression of the coupling factor in stellar interiors
were obtained by means of asymptotic analyses assuming only
two limiting cases: either the case of a thick (i.e., I  1) or a
very thin (i.e., I  1) evanescent zone. In this paragraph, we
introduce both formalisms that will form the theoretical basis of
the study performed in this work.
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3.3.1. Hypothesis of a thick evanescent zone
Shibahashi (1979) first derived the resonance condition for
mixed modes in Eq. (12) under the hypothesis of a thick evanes-
cent zone. In this case, the coupling factor is equal to
q ≈ T
2
4
(19)
and
T 2 = exp (−2I) , (20)
with I defined in Eq. (17). Equation (19) is consistent with the
general definition of the coupling factor given in Eq. (13) in the
limit of a low transmission coefficient (i.e., T 2  1). We also
note that Eq. (16) is consistent with Eq. (20) in the limit of a
thick evanescent zone (i.e., I  1).
Shibahashi (1979) originally derived Eqs. (19) and (20) us-
ing the Cowling approximation. We demonstrate in Ap-
pendix A.1 that the Cowling approximation is valid at lead-
ing order either where the short-wavelength WKB approxima-
tion is met or where the density contrast compared to the inner
bulk is very high, that is, where J ∼ 1. In the buoyancy and
acoustic cavities, the WKB approximation is met. As a conse-
quence, the error introduced by the Cowling approximation on
the asymptotic period spacing or frequency large separation of
mixed modes, which are leading-order terms in the asymptotic
expansion, is thus negligible. In contrast, the error introduced
on the asymptotic gravity offset of mixed modes, which corre-
sponds to higher-order terms, is on the order of these parameters
and thus cannot be neglected (e.g., Takata 2016a; Pinçon et al.
2019). Regarding the coupling factor, the WKB approximation
is not valid close to the turning-points r1 and r2 associated with
the evanescent region; the small deviation of J from unity in this
region turns out to be sufficient to modify the thickness of the
evanescent region compared to the Cowling approximation, in
particular in Type-a evanescent regions of subgiant and young
red giant stars (see Fig. 1 and Appendix A.2). This explains the
discrepancy observed between the values of the coupling fac-
tor computed with and without the Cowling approximation by
Jiang & Christensen-Dalsgaard (2014) and Mosser et al. (2017).
It appears thus necessary to consider the non-Cowling case when
studying the coupling factor of dipolar modes. Actually, to trans-
pose the result of Shibahashi (1979) to the non-Cowling case, we
have seen in Sect. 2.1 that we simply need to consider the mod-
ified Brunt-Väisälä and Lamb frequencies instead of their usual
definitions inside the wavenumber integral I.
Whether the Cowling approximation is used or not, Eq. (19)
shows that the value of the coupling factor cannot exceed 1/4 in
the hypothesis of a thick evanescent region, in disagreement with
observations (e.g., Mosser et al. 2017) and stellar models (Jiang
& Christensen-Dalsgaard 2014; Hekker et al. 2018) for subgiant
and red clump stars.
3.3.2. Hypothesis of a very thin evanescent zone
When the evanescent zone is very thin, the asymptotic devel-
opment of the wave functions inside the evanescent zone, used
by Shibahashi (1979), is not valid. Given the observational need
to go beyond the hypothesis of a thick evanescent zone, Takata
(2016b) proposed a new asymptotic description of mixed modes
in the reverse limiting case of a very thin evanescent zone. Solv-
ing the oscillation equations in this case while accounting for
Fig. 4. Schematic view of the profiles of the (modified) Brunt-Väisälä
and Lamb frequencies as a function of the radius normalized by the
radius of the base of the convective zone, rb. The value of νmax in the
case of Type-a and Type-b evanescent regions, as well as at the tran-
sition between both regimes, are indicated by the orange, magenta and
red dashed lines, respectively. The black dots correspond to the turning
points for the three cases. The magenta domain delimits all the possible
locations of the evanescent regions in the transition regime.
the perturbation of the gravitational potential, he found that the
expression of the wave energy transmission coefficient reads
T 2 = exp (−2I − G0) . (21)
In this formulation, T 2 depends not only on the wavenumber
integral I, but also on a new term denoted with G0, which is
related to the gradients of the equilibrium quantities inside the
evanescent zone. The detailed analytical expression of this extra
term is provided in Appendix D.1. The coupling factor obtained
through Eq. (13) can therefore vary between zero and unity, de-
pending on the values of I and G0. Using typical stellar models,
Mosser et al. (2017) showed that this formulation can reproduce
the global trend in the observed values of the coupling factor
between the subgiant branch and the RGB. However, as said in
Sect. 1, their interpretation in terms of internal structure called
for a more detailed study. In this work, we propose to further
examine the dependence of q with the properties of the evanes-
cent region within the asymptotic formulation in order to help
interpret the coupling factor measurements.
4. Relation between q and the properties of the
evanescent zone
In this section, we investigate the relation that exists between the
coupling factor of mixed modes and the evanescent region in an
analytical way within the asymptotic framework. The model as-
sumes that the profiles of the Brunt-Väisälä and Lamb frequen-
cies follow the power-law behavior in Eqs. (8) and (11) for Type-
a and Type-b evanescent regions, respectively. This enables us to
analytically express q as a function of a few parameters charac-
terizing the evanescent zone. The potential of q to provide infor-
mation on this region is subsequently analyzed. For sake of sim-
plicity, we focus on stars on the subgiant and red giant branches;
the case of red clump stars is addressed later in Sect. 5.
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Table 1. Summary of the assumptions considered in the analytical model for the subgiant and the red giant branches.
Evanescent region Type-a Transition regime Type-b
Evolutionary state Subgiant and young red giant Red giant Evolved red giant
N and S1 N(r) = σ
( r1
r
)β
, S1(r) = σ
( r2
r
)β
Mixed N(r) = 0, S1(r) = σ
( r2
r
)β
Nb and Sb Nb , Sb < 2piν Nb < 2piν < Sb 2piν < Nb , Sb
Location of r1 , r2 r1 , r2 < rb r1 < rb < r2 r1 = rb < r2
β and J β = 3J/2 Mixed J ≈ J(rb) ≈ 1
Coupling formalism Very thin (T16) or thick (S79) Thick (S79) Thick (S79)
Notes. S79 and T16 denote the formalisms of Shibahashi (1979) and Takata (2016a), respectively. The value of the (modified) Brunt-Väisälä and
Lamb frequencies just below the base of the convective region are denoted with Nb and Sb, respectively. “Mixed” means an evanescent region
with a Type-a regime for r1 < r < rb and a Type-b regime for rb < r < r2, where r is the radius inside the evanescent region (see Sect. 4.3 and
Fig. 4).
4.1. Analytical expression of q
To clarify the following computations, all the assumptions about
the structure of the evanescent region are summarized in Table 1.
A schematic view of the considered configuration is provided in
Fig. 4.
4.1.1. Type-a evanescent zones
The values of q measured by Mosser et al. (2017) range between
0.15 and 0.60 for subgiant stars, and between about 0.2 and 0.3
for young red giant stars. The model SG in Fig. 1 and the high
observed values in the subgiant phase suggest to consider the
asymptotic analysis of Takata (2016a) at this stage. In contrast,
the observed medium coupling values slightly higher or lower
than 1/4, which is the upper limit predicted in the formalism of
Shibahashi (1979), makes ambiguous the choice of the proper
formalism to use, since the available asymptotic analyses con-
sider only the limiting cases of thick and very thin evanescent
zones. Given these theoretical limitations, we thus consider both
formalisms and compare them for Type-a evanescent regions. In
this framework, the coupling factor of mixed modes is deduced
from Eqs. (13) and (21) for very thin evanescent regions, and
Eqs. (19) and (20) for thick evanescent regions. To obtain its ex-
pression, we thus need to compute the wavenumber integral I
and the gradient-related term G0.
Firstly, the wavenumber integral in Type-a evanescent re-
gions, denoted with Ir, reads using Eqs. (1)-(3)
Ir =
∫ r2
r1
|kr |dr =
∫ r2
r1
σ
c
(
1 − N
2
σ2
)1/2 S21
σ2
− 1
1/2 dr
=
∫ r2
r1
√
2J
σ
S1
1 − N2S21
S21
σ2
1/2 S21
σ2
− 1
1/2 drr . (22)
For sake of convenience, we define in the following the parame-
ter α such as
α ≡
(
r1
r2
)β
. (23)
The power-law assumption in Eq. (8) shows thatN(r)/S1(r) = α
in Type-a evanescent regions. This ratio is thus constant with
respect to radius since r1 and r2 depend only on the oscilla-
tion frequency. Using the change of variable u = σ/S1 in
Eq. (22), the fact that u(r1) = σ/S1(r1) = N(r1)/S1(r1) = α
and u(r2) = σ/S1(r2) = 1 in the bounds of the integral, as well
as the equality β = 3J/2, the wavenumber integral becomes (e.g.,
Gradshteyn et al. 2007)
Ir =
∫ 1
α
√
2J
β
√
1 − u2
√
u2 − α2 du
u2
=
2
√
2
3
[
(α2 + 1)K(1 − α2) − 2E(1 − α2)
]
, (24)
where K are E are the complete elliptic integrals of the first and
second kind, respectively, in agreement with the result of Takata
(2016a). In the case of a very thin evanescent region, α→ 1 and
Ir → 0. As α decreases, Ir increases since the evanescent region
becomes thicker and thicker, as expected. When the evanescent
zone becomes very thick, α  1 and we note for later purpose
that the wavenumber integral in Eq. (24) tends to
Ir ≈ 2
√
2
3
[
− lnα + ln 4 − 2 + ◦(α)
]
, (25)
where the term ◦(α) indicates negligible higher-order terms com-
pared to α.
Secondly, the theoretical expression of the gradient-term in
very thin evanescent regions, G0, which was obtained by Takata
(2016a), is detailed in Appendix D.1. Contrary to Mosser et al.
(2017), we take the dependence of G0 on the thickness of the
evanescent region into account. In the simple model represented
by Eq. (8), this term is equal for Type-a evanescent regions to
(see Appendix D.2)
G0 = 3pi
4
√
2
lnα
(α − 1)
 1lnα + α1 − α − 13 +
√
9
4β2
− 8α
2
9

2
.
(26)
In the limit case of a null thickness, that is, when α → 1, we re-
trieve the expression derived by Takata (2016a) and considered
in Mosser et al. (2017) (see Eq. (D.15) for instance). The pre-
dicted value of G0 computed with Eq. (26) is shown in Fig. 5
as a function of the parameters α and β. In this figure, we see
that in the case of very thin evanescent regions (α ∼ 1), the
higher β, the higher G0. Indeed, the steeper the variation of the
structure, the smaller the wave transmission through the evanes-
cent barrier; therefore, according to Eq. (21) with I ≈ 0, the
higher G0, as expected. As α slightly decreases from unity, G0
decreases, unlike the wavenumber integral. This decrease in G0
for α . 1 can be understood as the fact that incident waves feel a
smoother evanescent barrier as this latter becomes slightly larger
(relatively to the local wavelength).
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Although it was derived in the hypothesis of a very thin
evanescent region, it is interesting to discuss the extrapolation
of the expression of G0 toward small values of α (i.e., for thick
evanescent regions, which is outside of its derivation domain;
see dashed lines in Fig. 5). We see that below a certain value
of α where G0 vanishes, G0 diverges toward +∞ as α tends to
zero. As shown by Eq. (D.16), the extrapolation of G0 diverges
as - lnα when α → 0 over the considered range of values for
β. According to Eq. (25), it is on the order of magnitude of
the wavenumber integral given in Eq. (25).This prediction dif-
fers from the expectations of Takata (2016a) who showed that,
in general, the gradient-related term should vanish compared to
the wavenumber integral when the evanescent region becomes
large, because it represents a higher-order term in the asymp-
totic expansion. This example therefore emphasizes that the ex-
pression of G0 in Eq. (D.1), from which is deduced Eq. (26), is
an approximation around α ≈ 1 of a more general expression
of the gradient-related term that is valid whatever the thickness
of the evanescent zone. In other words, the expression of the
coupling factor computed using Eq. (D.1) does not converge to-
ward the expression provided by Shibahashi (1979) (i.e., T 2 in
Eq. (21) does not converge toward T 2 in Eq. (20) as α → 0).
This fact reinforces the ambiguity in the formalism to use to in-
terpret medium values of the coupling factor, in the intermediate
case between a thick and very thin evanescent region. This point
is discussed in Sect. 6.3.
4.1.2. Type-b evanescent zones
In typical evolved red giant stars with Type-b evanescent regions
(i.e., for ∆ν . 10 µHz), the shape of the evanescent region (e.g.,
model ER in Fig. 1) suggests to consider the weak coupling for-
malism of Shibahashi (1979); this choice is supported by the
small values of q close or lower than about 0.1 inferred observa-
tionally by Mosser et al. (2017) and in stellar models by Hekker
et al. (2018). We thus need to compute only the wavenumber
integral in this case according to Eqs. (19) and (20).
Using Eq. (11) and the change of variable u = σ/S1, the
wavenumber integral, denoted with Ic in this case, reads
Ic =
∫ r2
rb
√
2J
1 − σ2S21
1/2 drr
=
∫ 1
α
√
2J
β
√
1 − u2 du
u
, (27)
where we used at the boundaries of the integral the fact that
u(r2) = 1 and u(r1) = σ/S1(r1) = α according to Eqs. (11) and
(23). Since α = σ/S1(rb)  1 in general for Type-b evanescent
regions (e.g., see model ER in Fig. 1), the integrand in Eq. (27)
is much larger near its lower bound than near its upper bound.
Moreover, since the variation of J over the evanescent region
remains relatively small, the error made in the integral remains
negligible if we assume that the value of J is about equal to its
value at the base of the convective zone. As a result, Eq. (27) can
be approximated by (e.g., Gradshteyn et al. 2007)
Ic ≈
√
2J(rb)
β
∫ 1
α
√
1 − u2 du
u
≈
√
2
β
[
ln
(√
1 − α2 + 1
)
− lnα −
√
1 − α2
]
, (28)
where we also assumed J(rb) ≈ 1 for evolved red giant stars,
as shown for the model ER in Fig. 2. As expected, we find that
Fig. 5. Gradient-related term G0 provided by Eq. (26) as a function of
α2 and for typical values of β. The dashed lines represent the extrapo-
lation of this expression outside its derivation domain, that is, toward
small values of α (i.e., for thick evanescent regions). The transition is
arbitrarily assumed to occur when α2 . 0.4, i.e., when ∆r/2rev & 0.2
according to Eq. (31).
Ic increases as α decreases. When α  1 in the case of a thick
Type-b evanescent zone, we note that the wavenumber integral
in Eq. (28) tends to
Ic ≈
√
2
β
[
− lnα + ln 2 − 1 + ◦(α)
]
. (29)
4.1.3. Degeneracy with the structural parameters
According to Eqs. (24), (26), and (28), the coupling factor of
mixed modes depends on both parameters α and β. In the frame-
work of the model, the knowledge of this couple of parameters
is necessary and sufficient to fully characterize the evanescent
region, which is basically represented by a certain thickness and
a certain steepness of the profiles of N and S1.
On the one hand, the α parameter defined in Eq. (23) can
actually be rewritten in the form of
α =
(
2 − ∆r/rev
2 + ∆r/rev
)β
, (30)
where ∆r = |r2 − r1| and rev = (r1 + r2)/2. Equivalently, we can
also write
∆r
rev
= 2
(
1 − α1/β
1 + α1/β
)
. (31)
The α parameter is thus a proxy for the thickness of the evanes-
cent region.
On the other hand, the β parameter represents by definition
the steepness of the profiles ofN and S1 over the evanescent re-
gion. First, in Type-a evanescent zones, the high density contrast
compared to the helium core implies β ≈ 3J/2 over the region,
which, included in Eq. (B.2) with J regarded as locally uniform,
leads to
βa ≈ −12
(
d ln ρ
d ln r
)
rev
≈ 1
2
rev
Hρ(rev)
, (32)
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where Hρ = −(d ln ρ/dr)−1 is the local density scale height. Sec-
ond, in Type-b evanescent regions, which is located in the con-
vective region, the equation of state is isentropic, so that p ∝ ρΓ1 .
As a result, β can be expressed over the evanescent region as
βb ≈ −
(
d lnS1
d ln r
)
rev
= −1
2
(
d ln p
d ln r
− d ln ρ
d ln r
)
rev
+ 1 −
(
d ln J
d ln r
)
rev
≈ 1
2
(Γ1 − 1) revHρ(rev) + 1 , (33)
where (d ln J/d ln r)rev is neglected at first approximation. There-
fore, β turns out to be directly related to the local density scale
height, Hρ.
To conclude, the model shows us that the coupling factor of
mixed modes depends on the thickness of the evanescent zone
represented by ∆r/rev, and on the local density scale height rep-
resented by β. The value of q is therefore in general degenerate
with respect to these two internal properties whatever the type of
the evanescent region.
4.2. Variations of q with respect to the structure
As shown in the previous section, the link between q and the
structural parameters β and ∆r/rev depends on the type of the
evanescent region. Both types of evanescent region are thus
taken into account and compared in the present section. Given
the ambiguity in the applicability of the weak or the strong cou-
pling formalisms regarding the thickness of the evanescent re-
gion (see Sect. 4.1.1), we compute and compare both expressions
of q as provided by Eqs. (20) and (21) for a large range of val-
ues of ∆r/rev. Assumptions on the applicability domain of each
formalism will be made in a second step for the interpretation of
the observations (see Sect. 5).
4.2.1. Type-a evanescent regions
The prediction of the model in Type-a evanescent regions is plot-
ted in Fig. 6. In this figure, the coupling factor was computed for
typical values of β using either Eqs. (19), (20), and (24) in the
formalism of Shibahashi (1979), or Eqs. (13), (21), (24), and
(26) in the formalism of Takata (2016a), as well as Eq. (31). The
values of q were taken in the range between 0.02 and 1, which
encapsulates the observed range of values (e.g., Mosser et al.
2017).
In the formalism of Shibahashi (1979), Fig. 6 shows that the
lower the value of ∆r/rev or β, the higher the value of q . Indeed,
using for instance the approximation in Eq. (25) in the limit of a
very thick evanescent region, the coupling factor can be rewritten
according to Eqs. (19) and (20) such as
qa ≈ 0.8α4
√
2/3 . (34)
Since α decreases as ∆r/rev or β increases according to Eq. (30),
Eq. (34) confirms that q must also decrease. This trend origi-
nates from the fact that the wave transmission factor through the
evanescent region is lower either when this region is larger or
when the length scale of decay of the wave amplitude is smaller
(i.e., when β is higher). We also see in Fig. 6 that at a given value
of ∆r/rev, the influence of β is negligible for q ∼ 0.20, but sig-
nificant for q ∼ 0.05 (with a change in q of about 60% between
β = 1.5 and β = 1.2). The dependence of q on β, which comes
from the α parameter in Eq. (34), thus cannot be neglected.
In contrast, in the formalism of Takata (2016a), Fig. 6 shows
that q depends on ∆r/rev and β following two different regimes.
Fig. 6. Coupling factor as a function of the normalized radial extent of
the evanescent region in Type-a evanescent regions, as expected from
the model. The cyan, blue, magenta and red colors represent the result
for a typical range of values of the β parameter, i.e., β = 1.2, 1.3, 1.4,
and 1.5, respectively. The dashed lines correspond to the predictions ob-
tained with the formalism of Shibahashi (1979) according to Eqs. (19),
(20), and (24). The solid lines correspond to the predictions computed
in the formalism of Takata (2016a) according to Eqs. (13), (21), (24),
and (26).
At low values of ∆r/rev, that is, between about 0 and 0.15, the
predicted values of q are high, comprised between about 0.25
and 1. The lower β, the higher q, but the lower ∆r/rev, the lower
q. This difference of trend compared to the formalism of Shiba-
hashi (1979) results from the predominant effect of the gradient-
related termG0 in this case (see Fig. 5). This term also results in a
more important sensitivity of q to the parameter β in this regime.
Indeed, at a given ∆r/rev, a change in β between 1.2 and 1.5 re-
sults in a large change of q by a factor of between two and four.
At values of ∆r/rev & 0.15, Fig. 6 shows that the higher ∆r/rev,
the lower q, but no substantial dependence on β can be depicted.
This results again to the gradient-related term G0 whose value
is large enough to counterbalance the effect of the wavenumber
integral (see second paragraph in Sect. 4.1.1).
In summary, the behavior of q with respect to the proper-
ties of the evanescent region is substantially different depending
on the formalism we consider. In the formalism of Shibahashi
(1979), q decreases as ∆r/rev or β increases, with a substantial
dependence on β. In the formalism of Takata (2016a), the effect
of the gradient-related term G0 is important and drastically mod-
ifies how q varies with respect to ∆r/rev and β. In particular, for
∆r/rev . 0.15, q turns out to increase as ∆r/rev increases and to
be very sensitive to β over the typical considered range of values.
4.2.2. Type-b evanescent regions
The predictions of the model in Type-b evanescent regions are
shown in Fig. 7. In this figure, q was computed for typical values
of β using Eqs. (19), (20), and (28) in the formalism of Shiba-
hashi (1979) as well as Eq. (31). The values of q were chosen
between 0.02 and its upper limit equal to 0.25.
As seen in Fig. 7, the higher ∆r/rev or β, the lower q for
the same reasons as in Type-a evanescent regions in the thick
limiting case. However, Fig. 7 first shows that at a given value
of ∆r/rev, the value of q obtained in Type-b evanescent zones is
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Fig. 7. Coupling factor as a function of the normalized radial extent
of the evanescent region in Type-b evanescent regions according to
Eqs. (19), (20) and (28). The cyan, blue, magenta and red colors have the
same meaning as in Fig. 6. For comparison, the domain between both
dashed lines represents the predictions obtained for Type-a evanescent
regions in the formalism of Shibahashi (1979) such as plotted in Fig. 6.
about twice lower than in Type-a evanescent regions, and much
less sensitive to β. To explain this difference, it is convenient to
use Eq. (29) in the limit of a very thick evanescent region; the
coupling factor can thus be expressed according to Eqs. (19),
(20), and (31) such as
qb ≈ 2.38
2
√
2/β
4
α2
√
2/β =
2.382
√
2/β
4
(
2 − ∆r/rev
2 + ∆r/rev
)2√2
. (35)
The first multiplicative factor in Eq. (35) only slightly varies be-
tween 0.51 and 0.45 (i.e., lower than 10%) as β changes from
1.2 and 1.5. Therefore, the comparison between Eqs. (34) and
(35) confirms the difference depicted in Fig. 7 between Type-a
and Type-b evanescent regions. This is the consequence of two
facts. First, N2 ≈ 0 in convective regions so that the wavenumber
integral over the evanescent region is higher and thus the wave
transmission factor is lower; second, the linear relation between
β and J is not valid in this case.
4.3. Transition from Type-a to Type-b evanescent regions
As seen in the previous section, the value of q is about twice
lower in a Type-a than in a Type-b evanescent region for the same
values of β and ∆r/rev. At first sight, the transition from a Type-
a to a Type-b evanescent region during evolution could thus be
expected to be associated with a rapid variation in the value of q
measured around νmax. Nevertheless, the transition actually does
not occur at a given instant (i.e., a given value of νmax), but is
composed of an intermediate phase where the evanescent region
progressively changes from a Type-a to a Type-b regime. Indeed,
as stars evolve, the Type-a regime ends as soon as r2 becomes
higher than rb, while r1 still remains lower than rb. This happens
when Nb . 2piν . Sb, where Sb = S1(rb) is the value of the
Lamb frequency at the base of the convective region. During this
transition phase, a Type-a configuration is met for r1 < r < rb
whereas a Type-b configuration is met for rb < r < r2. The Type-
b regime then starts when r1 ≈ rb, that is, when 2piν . Nb (see
Table 1 and Fig. 4).
To estimate the effect of this progressive transition on
the coupling factor in the framework of the analytical model,
the wavenumber integral over the evanescent region when
r1 < rb < r2, denoted with It, has to be computed. It can be eas-
ily obtained by combining Eqs. (24) and (28) while adapting the
upper bound of Eq. (24), that is, such as
It ≈ 2
√
2
3
∫ ub
αb
√
1 − u2
√
u2 − α2b
du
u2
+
√
2
β
∫ 1
ub
√
1 − u2 du
u
,
(36)
with
αb =
Nb
Sb and ub =
σ
Sb = αb
σ
Nb , (37)
where we used in the lower bound of the first integral the fact that
u(r1) = σ/S1(r1) = N(r1)/S1(r1) = Nb/Sb since this ratio is
independent of radius for r ≤ rb (see Sect. 4.1.1). To go further,
the integral in Eq. (36) can be expressed as a function of special
functions to finally obtain (e.g., Gradshteyn et al. 2007)
It ≈
√
2
β
[
ln
(√
1 − u2b + 1
)
− ln ub −
√
1 − u2b
]
− 2
√
2
3

√
(1 − u2b)
1 − α2b
u2b
 − 2E(γb | 1 − α2b) + 2E(1 − α2b)

− 2
√
2
3
(1 + α2b)
[
F(γb | 1 − α2b) − K(1 − α2b)
]
, (38)
where K(x) are E(x) and the complete elliptic integrals of the
first and second kind, F(z | x) and E(z | x) are the incomplete
elliptic integrals of the first and second kind of parameter k2 = x,
and
γb = arcsin

√
1 − u2b
1 − α2b
 . (39)
Additional simplifying assumptions can be made to go a step
further. Since the considered red giant stars close to the transition
are evolved enough, we first assume that the evanescent region is
thick and use the weak coupling formalism of Shibahashi (1979).
Second, we assume that β is nearly uniform and equal to 1.5 on
both sides of rb. This is a reasonable assumption since, on the
one hand, the density contrast in the vicinity of the base of the
convective region compared to the helium core is so high that
J ≈ 1 in the radiative region, and thus β ≈ 3J/2 ≈ 1.5 here.
On the other hand, the sensitivity of q to β in the convective
region is small enough to be neglected at first approximation (see
Sect. 4.2.2), so that choosing β ≈ 1.5 has only a small impact on
the final result.
Within these considerations, the value of the coupling factor
can be computed as a function of 2piν/Nb using Eqs. (19) and
(20), and considering for the wavenumber integral:
– Ir in Eq. (24) if α−1b < 2piν/Nb;
– It in Eq. (38) if 1 < 2piν/Nb < α−1b ;
– and Ic in Eq. (28) if 2piν/Nb < 1.
The range of values for αb is chosen between about 0.4 and 0.6,
as required by the model to reproduce typical values of q ob-
served between about 0.1 and 0.2 in stars with 10 µHz . ∆ν .
18 µHz (Mosser et al. 2017; Hekker et al. 2018), which corre-
spond to stars before the expected transition to the Type-b regime
Article number, page 12 of 27
C. Pinçon et al.: Mid-layer structure of red giants I
(see Sect. 2.2). The result is plotted in Fig. 8. From an observa-
tional point of view, the ratio 2piν/Nb for ν ∼ νmax generally
decreases during the evolution on the RGB. Indeed, the decrease
in νmax induced by the envelope expansion is predominant com-
pared to the variation in Nb that is mainly induced by variations
in the location of the base of the convective region, as shown
by the rough estimate N2b ∼ GMr(rb)/r3b. The value of this ra-
tio is considered between 0.2 and 4, which is representative of
the ratio 2piνmax/Nb in typical models of red giant stars close to
the transition and just before the luminosity bump (Pinçon et al.
2019, see their Appendix B for details).
We see in Fig. 8 that q decreases as 2piν/Nb or αb de-
creases whatever the regime considered. Indeed, first, in the
Type-b regime, we can express the parameter α in Eq. (23) as
α = 2piναb/Nb according to Eq. (11) with r1 = rb. The last
equality shows that the decrease in q as 2piν/Nb or αb decreases
actually results from a decrease in α, or equivalently, from an
increase in ∆r/rev, as already shown in Sect. 4.2.2. Second, in
the Type-a and transition regimes, we have α = αb since α does
not depend on radius (i.e., when r < rb). Therefore, at a fixed
value of 2piν/Nb, the decrease in q as αb (i.e., α) decreases re-
sults also from an increase in ∆r/rev (since β remains close to
1.5). However, in the transition regime, an increase in ∆r/rev is
not the only possible reason for the decrease in q observed in
Fig. 8. Indeed, at a fixed value of αb, α and ∆r/rev are also fixed,
but q still decreases as 2piν/Nb decreases. In fact, this decrease
in q results, according to Eqs. (36) and (37), from the progressive
migration of the evanescent region from the radiative to the con-
vective zones, because of the simultaneous progressive increase
in the contribution of the integral between rb and r2 to the total
wavenumber integral (and since the wavenumber integral over
any given region is always higher when N2 ≈ 0).
The analytical predictions can now be used to address the
variation of the observed coupling factor q(νmax) for ν ∼ νmax
during the evolution on the RGB. During this phase, the param-
eter αb = Nb/Sb can be assumed to vary much more slowly than
2piνmax/Nb, because both N2 and S21 similarly evolve as g/r in
the radiative region whereas νmax decreases more rapidly thanNb
varies (see Sect. 2.2). Therefore, as 2piνmax/Nb decreases (from
large values to unity) at a quasi constant value of αb, the model
first predicts that q(νmax) starts smoothly decreasing at the be-
ginning of the transition phase because of the progressive migra-
tion of the evanescent region from the radiative to the convective
zones. Second, when the evanescent region is entirely located in
the convective region for 2piνmax/Nb . 1, q(νmax) keeps progres-
sively decreasing along with the evolution because ∆r/rev(νmax)
increases as νmax decreases.
Therefore, we conclude that no sharp variation in q(νmax)
is expected at the transition from a Type-a to a Type-b evanes-
cent region. Instead, our simplified estimate predicts that q(νmax)
smoothly and progressively decreases at this stage, mainly be-
cause of the progressive migration of the evanescent region from
the radiative to the convective regions (provided that αb does not
vary too rapidly). This is in contrast with the gravity offset of
mixed modes, denoted with εg, which is another seismic param-
eter associated with mixed modes appearing inside the term Θg
of Eq. (12). This parameter was shown by Pinçon et al. (2019)
to exhibit a clear drop at the transition to the Type-b regime be-
cause of the kink in the Brunt-Väisälä frequency at the base of
convective region. The authors did not notice any obvious si-
multaneous signature in the observed values of q(νmax) for such
evolved stars; the analytical model developed in the present work
confirms the absence of such a sharp variation in the global evo-
lution of q(νmax).
Fig. 8. Evolution of the coupling factor as a function the ratio 2piν/Nb
(solid lines), such as predicted in Sect. 4.3 and for different values of
αb = Sb/Nb, where Nb and Sb are the values of the modified Brunt-
Väisälä and Lamb frequencies just below the base of the convective
region. When considering ν ≈ νmax, stellar evolution goes from the right
to the left. The black dashed line indicates the beginning of the Type-b
regime. The dash-dotted lines delimit the end of the Type-a regime for
the considered values of αb, with the corresponding colors.
4.4. Lessons learned in a nutshell
To summarize this first part of the study, the structure of the
evanescent coupling region changes during evolution. In sub-
giant, young red giant and red clump stars, the evanescent re-
gion is located in the radiative region, where N and S1 vary at
first approximation as power laws of radius with the same ex-
ponent β (Type-a regime). In evolved RGB stars, with typically
∆ν . 10 µHz, the evanescent region is located in the lower part
of the convective region, where N ≈ 0 (Type-b regime).
In both cases, the analytical model developed shows that the
value of q is degenerate with respect to β and ∆r/rev. In particu-
lar, the model highlights the following points:
– In the Type-a regime, the behavior of q with both parame-
ters significantly changes depending on the thickness of the
evanescent region. In thick evanescent regions, q monotoni-
cally decreases as β or ∆r/rev increases. In very thin evanes-
cent regions, q turns out to be very sensitive to β (for a typ-
ical range of values), in a much more important way than in
thick evanescent regions; moreover, q in contrast increases
as ∆r/rev increases for ∆r/rev . 0.15. This drastic change of
trend originates from the effect of the gradient in the equilib-
rium structure on the wave transmission through the evanes-
cent region, represented by G0 in Eq. (21).
– In Type-b evanescent regions, q also decreases as β or ∆r/rev
increases. The value of q is nevertheless about twice lower
than in Type-a regions for the same couple of parameters β
and ∆r/rev. Moreover, its sensitivity to β is very small; the
value of q measured around νmax is thus expected to decrease
during the evolution, because of the progressive increase in
∆r/rev(νmax) as νmax decreases.
– Unlike the gravity offset of mixed modes, q(νmax) is not ex-
pected to exhibit a sharp variation at the transition from the
Type-a to the Type-b regimes on the RGB, which occurs just
before the luminosity bump.
Finally, we emphasize that the trend of q with ∆r/rev pre-
dicted by the analytical model in evolved red giant stars with
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Type-b evanescent regions is comparable to that found in stellar
models by Hekker et al. (2018, see their Fig. 7), at least for val-
ues of q lower than about 0.15. However, the result of their fit is
questionable for the red clump stars they considered in the strong
coupling case since the computation of Hekker et al. (2018) does
not account for the gradient-term G0, which turns out to play an
important role in Type-a evanescent regions, as demonstrated in
Sect. 4.2.1.
5. Clues on the probing potential of q
In this section, we investigate the ability of the coupling factor
to bring us constraints on stellar interiors. We give a qualitative
interpretation of the variations in q observed by Mosser et al.
(2017) in the light of the analytical model developed in the pre-
vious section. The discussion is illustrated by considering typical
values of q and their error bars in subgiant (SG), young red giant
(YR) and evolved red giant stars (ER). The case of red clump
stars (RC) is also considered. The confrontation of the model to
observations implicitly assumes that q is taken at the frequency
νmax for a given star. The possible dependence of q with the fre-
quency over the observed oscillation spectrum is addressed in a
subsequent step. The present study represents a preparatory stage
toward a more quantitative investigation using stellar models that
will be presented in the paper II of the series.
5.1. Qualitative interpretation of the current measurements
5.1.1. Observations
The large-scale measurement of q as a function of ∆ν (or νmax)
by Mosser et al. (2017, see their Figs. 5 and 6) shows that stars
exhibit low values of q around 0.15 at the very beginning of the
subgiant branch before rapidly increasing toward a peak value
of about 0.5. During this peak phase on the subgiant branch, the
spread in the measurements is large, on the order of about 0.15.
In the following stages for typically 18 µHz. ∆ν . 30 µHz,
the observed value of q decreases from about 0.30 to 0.18. Dur-
ing the subsequent evolution on the RGB, the coupling factor
continues to decrease slowly in average, with a spread in the
measurements lower than about 0.03, that is, much smaller than
in subgiant stars. The most luminous red giant stars of the sample
with ∆ν ∼ 5 µHz have values of q around 0.10, with an observed
minimum value close to 0.05.
Regarding red clump stars, the observed values of q remain
around a high mean value of about 0.3. This suggests that these
stars are in the regime of very thin (Type-a) evanescent regions.
The spread in the measurements is low and close to about 0.02
around the mean value2.
5.1.2. Coupling regimes vs evolutionary stage
The analytical expressions of q depend both on the type and on
the hypothesis about the thickness of the evanescent region (i.e.,
thick or very thin). To interpret observations of q in the frame-
work of the model along with evolution, we thus have to make
additional assumptions about which type and coupling formal-
ism to consider depending on the evolutionary state and the value
of q.
First, we estimate through standard stellar models that
evolved red giant stars with Type-b evanescent regions have
2 This result was obtained only for stars with high-quality fits, which
still represent a significant statistical sample.
∆ν . 5 and 10 µHz for stellar masses between 2M and
1M, respectively (see Sect. 2.2). Mosser et al. (2017) obser-
vationally determined that q on the RGB follows the fit law
q ≈ qM(∆ν/10)0.1, in which qM ∈ [0.125, 0.145] in the consid-
ered mass range and ∆ν is expressed in µHz. According to this
relation, we thus consider that (thick) Type-b evanescent regions
are met when q . 0.13 in RGB stars.
Just above q ≈ 0.13 on the RGB, stars are in the transi-
tion regime. In this regime, q depends not only on ∆r/rev and
β, but also on the ratio 2piνmax/Nb, which represents the influ-
ence of the migration of the evanescent region from the radiative
to the convective region. Using the theoretical picture presented
in Sect. 4.3 (assuming thick evanescent regions), we find that the
model requires αb ≈ 0.55 to explain q ≈ 0.13 at the end of the
transition phase (i.e., when 2piνmax/Nb ≈ 1, see Fig. 8). Assum-
ing that αb = Nb/Sb is fixed at 0.55 during this phase because of
the similar evolution of N2 and S21 as g/r in the radiative zone,
the model predicts q ≈ 0.18 at the beginning of the transition
regime. We thus fix that the Type-a regime is met for q & 0.18
on the RGB.
In young red giant stars, corresponding to RGB stars with
q & 0.18 following the previous estimate, as well as in subgiant
stars with typically q ≈ 0.15 − 0.65, thick and very thin Type-
a evanescent regions are considered and compared owing to the
ambiguity in the coupling formalism to use. For red clump stars,
we consider very thin (Type-a) evanescent regions since this is
the only current formalism able to reproduce the high observed
values close to 0.3.
All the assumptions considered in the following are summa-
rized in Table 2. Under these considerations, the link between q
and the couple of parameters (∆r/rev, β) is represented in Fig. 9.
Because of its dependence on 2piνmax/Nb, the relation between
the value of q and (∆r/rev, β) is not unique in the transition
regime; it is thus marginally indicated by a blue rectangle in
Fig. 9 for a large range of values for ∆r/rev between 0.2 and 0.6.
We emphasize that the uncertainties on the definition of the ap-
plicability domains of the Type-a, transition and Type-b regimes
as a function of q on the RGB will have no impact on the qualita-
tive interpretation of the observed variations, since the behavior
of q with ∆r/rev and β follows the same global trend for the three
regimes.
5.1.3. Subgiant and young red giant stars
As an illustration, we consider the case of a subgiant star with
typically q = 0.50. For subgiant stars, the uncertainties on the
measurements of q by Mosser et al. (2017) are lower than 20%;
we thus adopt a relative uncertainty of 10% on its value. As
shown in Fig. 9, q = 0.50±0.05 is compatible with the ranges of
parameters β ∈ [1.2, 1.5] and ∆r/rev ∈ [0, 0.25]. At such a high
value of q, the degeneracy with β and ∆r/rev leads to a large
ambivalence on the determination of the structure. Furthermore,
even if β is fixed for instance at 1.3, such value of q can either
correspond to ∆r/rev = 0.22 ± 0.03 or ∆r/rev = 0.03 ± 0.02,
because the non-monotonic behavior of G0 with ∆r/rev. With-
out any other information than the value of q, it is therefore not
possible to determine unequivocally the properties of the evanes-
cent region in subgiant stars through a direct confrontation to the
asymptotic analytical expression of q.
Just after the end of the subgiant branch, we now consider
as an example the case of a young red giant star with typi-
cally q = 0.20. For red giant stars, the automated measurement
method of Mosser et al. (2017) leads to large uncertainties on q.
In contrast, the case-by-case study of Hekker et al. (2018) in few
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Table 2. Typical values of q and theoretical framework used to interpret the observations with respect to the evolutionary stage.
∆ν (µHz) νmax (µHz) q Evanescent region model
Type Thickness
Subgiant (SG) & 30 & 500 ∼ 0.15 − 0.65 a thick to very thin
Young red giant (YR) ∼ 18 − 30 ∼ 250 − 500 ∼ 0.18 − 0.30 a very thin to thick
Transition ∼ 10 − 18 ∼ 110 − 250 ∼ 0.13 − 0.18 mixed thick
Evolved red giant (ER) . 5 − 10 . 50 − 110 . 0.13 b thick
Red clump ∼ 3 − 8 µHz ∼ 20 − 100 ∼ 0.3 a very thin
Notes. The values of νmax is estimated through the usual ∆ν − νmax scaling law for RGB stars (e.g., Mosser et al. 2012a).
stars showed that the error bars on q can reach at most 0.02 on
the RGB. We thus adopt an optimistic uncertainty of 0.02 on the
RGB. Because of the ambiguity on the formalism to use in this
case, both are compared. In the formalism of Takata (2016a), the
model predicts ∆r/rev = 0.48 ± 0.04 for q = 0.20 ± 0.02, with
a small sensitivity regarding β. In contrast, in the formalism of
Shibahashi (1979), the model predicts ∆r/rev = 0.28 ± 0.07 at
β = 1.5 and ∆r/rev = 0.35 ± 0.08 at β = 1.2; in this case, the
sensitivity of q to β cannot be neglected with the current uncer-
tainties on q. However, since the considered configuration lies
somewhere between the limiting cases of a thick and of a very
thin evanescent region, we thus cannot conclude on which pre-
diction is the most relevant. We emphasize the same issue holds
for the young subgiant stars with low observed values of q be-
tween about 0.15 and 0.25.
Despite these difficulties related to the degeneracy of q and
the ambiguity on the coupling formalism to use, the model
can bring us some clues on the structural origins of the global
observed variations in q during the evolution on the subgiant
branch3. In particular, the increase in q from about 0.15 to a peak
value around 0.5 at the beginning of the subgiant branch is nec-
essarily associated with a predominant decrease in ∆r/rev, from
about 0.50 to at least 0.15. The subsequent decrease in q toward
values lower than 0.2 at the very beginning of the RGB automat-
ically results in a predominant increase in ∆r/rev, toward about
0.5. Moreover, the large spread in the values of q around the short
peak phase even suggests that ∆r/rev reaches values lower than
0.15. Indeed, the high sensitivity of q to both parameters as well
as its non-monotonic behavior with ∆r/rev in this (very thin cou-
pling region) regime may result, for a given stellar mass, in high
amplitude variations over this short evolutionary phase, even if
the structure slowly varies. Besides, for two stars with different
stellar masses at a given value of νmax, small differences in their
mid-layer structures may also lead to significantly different val-
ues of q. The behavior of G0 in very thin evanescent regions thus
represents a plausible explanation for the large spread in the val-
ues of q measured by Mosser et al. (2017) during the subgiant
peak phase.
5.1.4. Transition phase and evolved red giant stars
In the subsequent transition phase, we can consider as in
Sect. 4.3 that variations in β are small enough to not affect q.
In the framework of the model, the decrease in q can thus be as-
3 In the youngest observed subgiant stars, with typically ∆ν ∼ 60 µHz
and q ∼ 0.15, the number of radial nodes inside the buoyancy cavity is
close to about four (e.g., Benomar et al. 2014). Although the asymptotic
approximation is questionable, we assume that the variations of q at
this stage can also be interpreted in the considered framework, at least
qualitatively. This seems reasonable since the asymptotic expression of
mixed modes fits the data in an acceptable way (Mosser et al. 2017).
Fig. 9. Normalized extent of the evanescent region as a function of q,
for typical values of β. Solid lines represent the predictions of the model
in the cases of Type-a very thin evanescent regions and thick Type-b
evanescent regions for q & 0.15 and q . 0.13, respectively. The dashed
lines correspond to the predictions for thick Type-a evanescent regions
for q & 0.15. The blue rectangle indicates the estimated domain of the
transition regime between Type-a and Type-b evanescent regions on the
RGB. Typical values (vertical dash-dotted lines) and their error bars
(vertical gray strips) are represented for subgiant (SG), young red giant
(YR), evolved red giant (ER) and red clump (RC) stars (see main text).
sociated with the predominance of either an increase in ∆r/rev,
either the progressive migration of the evanescent region from
the radiative to the convective region, or the simultaneous effects
of these two ingredients.
In later stages, we can consider as an illustration the case of
an evolved red giant stars with typically q = 0.10±0.02. As seen
in Fig. 9, such a value of q is compatible with ∆r/rev = 0.48 ±
0.08 for β = 1.2 or with ∆r/rev = 0.51 ± 0.08 for β = 1.5. Given
the current error bars on q, the sensitivity of q to β is thus small
enough to be neglected at this evolutionary stage. Therefore, we
confirm the prediction obtained in Sect. 4.3; the slight decrease
in q observed by Mosser et al. (2017) in the more evolved red
giant stars of the sample results from an increase in ∆r/rev as
νmax decreases during evolution.
5.1.5. Red clump stars
In the red clump, where the helium fusion takes place in the
core, we consider as an example a star with typically q = 0.3
and an optimistic error bar close to 0.02 (e.g., Mosser et al.
2017; Hekker et al. 2018). According to Fig. 9, such a value
of q is compatible with ∆r/rev ∈ [0, 0.25] and β ∈ [1.2, 1.5].
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As in subgiant stars, the link with the internal properties remains
ambivalent. However, unlike subgiant stars, the small spread in
the observed values suggests that the structure of the interme-
diate evanescent region little varies during the evolution in the
red clump; otherwise, the high sensitivity of q to the structure in
the regime of very thin evanescent regions would lead to larger
variations, as in subgiant stars. This expectation seems reason-
able since the red clump corresponds to a stable phase of the
evolution where the helium-burning core produces enough en-
ergy to counterbalance the weight of the above layers, while the
subgiant branch corresponds to a short unstable phase where the
core collapses and the envelope dilates rapidly.
5.2. Convective boundary signature in evolved RGB stars
As shown in Sect. 5.1.4, q turns out to be mainly sensitive to the
thickness of the evanescent region in evolved red giant stars, and
hence to the radius of the base of the convective region. Indeed,
the lower rb, the higher ∆r and the lower rev, so that the higher
∆r/rev and the lower q. The measurement of the coupling fac-
tor in such stars may therefore enable us to probe the boundary
between the radiative and convective zones.
To discuss this point, we can consider as an example the case
of a 1.2M evolved red giant star with typically νmax ≈ 60 µHz,
∆ν ≈ 6 µHz, and q = 0.05. Such a value of q is compatible
with the asymptotic value computed for the standard model ER
in Fig. 1, or with the minimum value measured by Mosser et al.
(2017) at this evolutionary stage. To go further, we follow the
picture used in Sect. 4.3; we assume that αb = Nb/Sb remains
equal to 0.5 on the considered phase and fix the value of β at
1.5. As a result, q only depends on the ratio 2piνmax/Nb, as repre-
sented in Fig. 8. We remind that this ratio is expected to decrease
during the evolution on the RGB.
Under these considerations, the analytical model requires
2piνmax/Nb ≈ 0.6 to explain q = 0.05; the knowledge of q thus
enables us to infer that Nb/2pi ≈ 100 µHz for this star with
νmax ≈ 0 µHz. Using standard stellar models with the same input
physics as described in Sect. 2.1, Pinçon et al. (2019) found that
the transition to the Type-b regime occurs at νmax,t ≈ 95 µHz
for 1.2M stars. Since 2piνmax,t ≈ Nb,t at the transition, we
have Nb/Nb,t ≈ 100/95 ≈ 1.05. Therefore, in this example, the
analytical model predicts that Nb increases of about 5% as
νmax decreases from νmax,t ≈ 95 µHz to about 60 µHz. Since
N2b ∼ GMr(rb)/r3b and hence is mainly sensitive to the variations
in the factor r−3b , we deduce that this slight increase in Nb is
directly related to a slight decrease in rb. This seems reason-
able since, according to Pinçon et al. (2019), the transition to the
Type-b regime happens just before the luminosity bump, that is,
before the radius of the base of the convective region attains its
minimum during the first dredge-up of the chemical elements.
However, the inward migration of rb is not the only possi-
ble reason for observing such a value of q at νmax ≈ 60 µHz.
This can also be explained considering the value of Nb fixed
(i.e., rb fixed). Indeed, for Nb/2pi to be remain about equal to
100 µHz, that is, in agreement with the value inferred according
to the analytical model in the present example, we can choose
a slightly higher value of νmax,t equal to about 100 µHz (i.e.,
such as Nb,t ≈ 100 µHz). As shown by Pinçon et al. (2019),
this increase in νmax,t, compared to the value estimated through
standard stellar models such as these considered as examples
in the previous sections (e.g, Figs. 1-3), can be physically pro-
duced by the inclusion of an adiabatic overshooting region be-
low the base of the convective zone since this process decreases
rb and thus increases Nb at a given value of νmax. Moreover, the
study of Khan et al. (2018) supports the need for overshooting
in such evolved RGB models in order to match the location of
the RGB luminosity bump with seismic observations. To esti-
mate the quantity of overshooting needed to increase νmax,t (i.e,
Nb,t/2pi) from 95 µHz to 100 µHz, we can proceed as follows.
First, we emphasize that overshooting does not modify the for-
mal shapes of N and S1, and thus the analytical model can still
be applied. Second, at the base of the convective region of the
considered evolved stars, it is reasonable to assume J ≈ 1 (e.g.,
see Fig. 1). As a consequence, this high density contrast com-
pared to helium core implies (see Appendix B.1.3)(
d ln p
d ln r
)
rb
=
rb
Hp,b
≈ 6J − 2 ≈ 4 , (40)
where Hp,b is the pressure scale height at rb. Then, assuming that
the variation in Nb mainly results from its dependence on r−3/2b ,
using Eq. (40) and rewriting the amount of decrease in rb caused
by overshooting as δrb = −αovHp,b, with αov the overshooting
parameter, we obtain
δνmax,t
νmax,t
≈ δNb,tNb,t ≈ −
3
2
δrb
rb
=
3αov
8
. (41)
Therefore, with δνmax,t/νmax,t ≈ 0.05, we find that αov ≈ 0.15
is sufficient for the analytical expression to predict q = 0.05 at
νmax = 60 µHz, without considering any variation in Nb along
with evolution. Interestingly, this is close to the overshooting
value found by Khan et al. (2018) to fit the luminosity bump
to observations in such stars.
In reality, the value of the coupling factor in such evolved
red giant stars, that is, for ∆ν . 10 µHz, is certainly the result
of the simultaneous influences of the migration rate of rb during
the first dredge-up and the extent of overshooting. This simple
estimate clearly emphasizes the potential of q in such stars to
provide constraints on the dynamical processes at the interface
between the convective and the radiative regions, as for instance
the convective mixing of the chemical elements.
5.3. Frequency-dependence of q over the spectrum
When comparing the analytical model to observations in the pre-
vious sections, we implicitly assume that the current measure-
ments of q are representative of the predicted values at the fre-
quency νmax. Indeed, the usual measurement methods assume
q as a constant parameter to fit, independent of the oscillation
frequency around νmax (e.g., Buysschaert et al. 2016; Mosser
et al. 2017; Hekker et al. 2018). Nevertheless, previous works
highlighted the frequency-dependence of q in stellar models
(e.g., Jiang & Christensen-Dalsgaard 2014; Mosser et al. 2017;
Hekker et al. 2018). From an observational point of view, q can
be considered frequency-independent if its variation over the ob-
served frequency range of a given star is lower than the uncer-
tainties on its value. In this section, we question the relevance of
this assumption in the framework of the analytical model. In this
model, we see in Sect. 4.1.3 that q depends on the α and β pa-
rameters. While β is supposed to be fixed over the evanescent re-
gion, α, and thus ∆r/rev, can depend on the oscillation frequency
since it depends by definition on the frequency-dependent turn-
ing points.
In subgiant, young red giant and red clump stars with Type-
a evanescent regions, it is easy to show that α = N(r)/S1(r)
according to Eqs. (8) and (23). This is the consequence of the
assumed parallel variations of N and S1. Unlike r1 and r2, α is
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thus frequency-independent, so that q is frequency-independent
too. The analytical model thus supports the assumption of the
frequency-independence of q in such stars (e.g., Mosser et al.
2017).
In contrast, for RGB stars in the transition regime, we show
in Sect. 4.3 that q explicitly depends on the oscillation frequency
(see Fig. 8). In more evolved RGB stars with Type-b evanescent
regions, we obtain α = [r2(σ)/rb]β according to Eq. (23), since
r1(σ) ≈ rb. Using Eq. (11), it turns out that α = σ/Sb. The
model therefore predicts that the coupling factor depends on the
oscillation frequency in such RGB stars. The question is then to
know whether its variation is significant over a typical observed
frequency range around νmax or not. To answer this question, we
can proceed as in Pinçon et al. (2019) and assume that the ob-
served oscillation spectrum of a given star belongs to a 6∆ν-wide
frequency range centered around νmax, as expected from theo-
retical estimates and observations (e.g., Grosjean et al. 2014;
Mosser et al. 2018). Using the νmax − ∆ν scaling law in RGB
stars (e.g., Mosser et al. 2012a), the observed frequency range is
contained in [νmax − δν, νmax + δν], where δν ≈ 3∆ν ≈ 0.84ν0.75max.
Considering a large range of values for νmax between 40 and
250 µHz in such typical RGB stars (see Table 2), we approx-
imately obtain 0.21 νmax . δν . 0.33 νmax. We thus consider
a mean value of δν ≈ 0.27 νmax in the following. Therefore,
using the theoretical framework presented in Sect. 4.3, we find
that δq = |q(νmax + δν) − q(νmax − δν)| & 0.02 whatever the
value of αb between 0.4 and 0.6, for 2piνmax/Nb ∈ [0.4 − 2] (see
Fig. 8). This range of values for 2piνmax/Nb corresponds to stars
between the transition phase and one point just before the lumi-
nosity bump in the Type-b regime. It turns out that the differ-
ence in q over the observed frequency range reaches a maximum
value of about δq ≈ 0.05, 0.07 and 0.08 at 2piνmax/Nb ∼ 1, for
αb = 0.4, 0.5 and 0.6, respectively. Given the current precision
on the measurement of q of about 0.02 (e.g., Hekker et al. 2018),
this result clearly demonstrates that the variation of q with fre-
quency in evolved red giant stars around the transition to the
Type-b regime cannot be neglected. We emphasize that such a
large variation over the observed frequency range is consistent
with the variations in the asymptotic values of q computed by
Hekker et al. (2018) in RGB stellar models. It is also consis-
tent with the frequency-dependence of q that Cunha et al. (2019)
had to consider to improve the fit of the asymptotic expression
of mixed modes to the frequency pattern of RGB stellar models
with typically νmax . 100µHz, which correspond to stars with
Type-b evanescent regions.
In conclusion, while the developed model supports the
frequency-independence hypothesis in subgiant, young red gi-
ant and red clump stars with Type-a evanescent regions, it
demonstrates in contrast the need to account for the frequency-
dependence of q over the observed frequency range of red giant
stars in the transition and in the Type-b regimes, that is, with
about 5 µHz. ∆ν . 18 µHz according to the estimate given in
Table 2. In particular, this point may explain the too low asymp-
totic values of q around 0.05 computed in evolved stellar mod-
els compared to the values fit on theoretical and observed fre-
quency spectra assuming q as a frequency-independent param-
eter (Mosser et al. 2017; Hekker et al. 2018). Further studies
beyond this work are needed to understand how the frequency-
dependence of q can modify the previous measurements and
their physical interpretation.
6. Discussion
6.1. Possible improvements of the model
The analytical model that was developed in this work relies on
several simplifying assumptions regarding the internal structure.
In this section, we discuss the most critical points and the possi-
ble future improvements.
First, in Type-a evanescent regions, the model assumes that
N and S1 vary as power laws of radius with the same exponent
β. Under this hypothesis, the predicted value of q is independent
of the oscillation frequency in a given star. However, while Fig. 1
shows thatN and S1 vary as power laws of radius at first approx-
imation, it also shows that they can have slightly different power-
law exponents. This is actually related to the existing small gra-
dient in the J factor over the evanescent region (see Fig. 2, Ap-
pendix B.1.3 and the third paragraph of Appendix B.1.5 for de-
tails). As a result, the thickness of the evanescent region be-
comes dependent on the oscillation frequency; this feature cer-
tainly represents the reason for the frequency-dependence of q
observed in stellar models of subgiant, young red giant and red
clump stars (Jiang & Christensen-Dalsgaard 2014; Mosser et al.
2017; Hekker et al. 2018). In this picture, the coupling factor will
depend not only on the thickness of the evanescent region and
the power-law exponent of S1, but also on that ofN . Besides, in
Type-b evanescent regions, we demonstrate in Appendix B.1.5
that S1 cannot physically behave as a rigorous power law of ra-
dius, unlike what was assumed in the present work. In order to
investigate analytically how the expression of q is modified by
such considerations in both types of evanescent regions, a first
approach may consist in accounting for a first-order perturbation
of the power-law structure and subsequently deducing the impact
on the profiles of S1 and N in a consistent way by means of the
continuity and hydrostatic equations (e.g., see Appendix B.1.1
and B.1.5).
Second, the model neglects the presence of a sharp
µ-gradient observed at the base of the convective zone in evolved
red giant stellar models. This sharp µ-gradient is located in the
deepest layer attained by the base of the convective region during
the first dredge-up of the chemical elements on the RGB. Once
the ascending hydrogen-burning shell encounters this layer, the
resulting structural readjustment will produce the well-known
RGB luminosity bump (e.g., Kippenhahn et al. 2012). The obser-
vational detection of the luminosity bump confirms the physical
existence of such a feature in evolved red giant stars (e.g., Khan
et al. 2018). This sharp µ-gradient creates a spike in the Brunt-
Väisälä frequency and a sharp jump in the Lamb frequency near
the base of the convective region; this can be seen in the model
ER of Fig. 1. These rapid variations can even be sharper in
slightly less evolved models (e.g., see Fig. 1 of Mosser et al.
2017). It thus appears obvious that such features can have an im-
pact on the coupling factor of mixed modes during the transition
from a Type-a to a Type-b evanescent region. Indeed, close to
this sharp µ-gradient, the asymptotic approximation is not valid
and the wave transmission factor through the evanescent region
can be modified. Moreover, because of the resulting jump in the
sound speed and the Lamb frequency, the outer turning point as-
sociated with the evanescent region can also be discontinuous as
a function of the oscillation frequency, and so does the thickness
of the evanescent region. We note that this feature represents,
with the frequency-dependence of q, a plausible explanation for
the discrepancies between the low asymptotic values computed
in evolved stellar models and the observed values (Mosser et al.
2017; Hekker et al. 2018). In order to investigate the effect of
the sharp µ-gradient on the coupling factor, future theoretical ef-
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forts will have to be made to go beyond the current asymptotic
analyses, which are unable to deal properly with these sharp vari-
ations.
6.2. Effect of stellar mass
While the typical observed stellar masses range between 1M
and 2M, only 1.2M stellar models were considered as exam-
ples throughout this paper. In particular, the modeling of the
evanescent region along with evolution was based on the inter-
nal structure of 1.2M stellar models. Since the properties of
the stellar interior depends on stellar mass, the extension of the
conclusions of the present work to the whole typical mass range
needs to be discussed.
On the RGB, low-mass stars all follow the Hayashi line in
the Hertzsprung-Russell diagram and thus share similar inter-
nal properties. It is easy to check through stellar models that the
power-law behavior ofN and S1, the high density contrast com-
pared to the helium core and the transition from a Type-a to a
Type-b evanescent region are also observed for typical masses
between 1M and 2M. The predictions and the interpretation
of the variations in q on the RGB thus hold valid for the whole
observed mass range.
On the subgiant branch, we checked using stellar models that
stars with masses below about 1.4M again share similar prop-
erties to those depicted in the considered 1.2M models. Nev-
ertheless, we observed in more massive subgiant stars that the
deviation from the parallel variations of N and S1 discussed in
Sect. 6.1 is worsened; furthermore, the power-law assumption
can even become questionable (at least, in the early subgiant
phase). This appears to be related to a smaller density contrast
over the evanescent region of such more massive stars. Indeed,
we observed that the minimum value of the J factor between the
helium core and the base of the convective region is lower than,
for instance, in the model SG (see Fig. 2); as a result, the gradient
of J is higher and the departure from the power-law structure is
more important (e.g., Appendix B.1.3). Interestingly, stars with
masses higher than 1.4M correspond to stars whose mass of the
helium core exceeds the Schönberg-Chandrasekhar limit (for a
solar chemical composition) at the end of the main sequence.
In such stars, the density contrast between the helium core and
the envelope needs to rapidly increase on the subgiant branch
to reach a new thermal equilibrium (since the core has to con-
tract while the envelope has to expand by mirror effect; e.g., see
Kippenhahn et al. 2012). We thus suspect that the observed dis-
crepancy compared to 1.2M stars is associated with the thermal
instability of the helium core at the beginning of the subgiant
branch in more massive stars. This may lead to a different re-
lation between q and the properties of the evanescent region in
subgiant stars with masses higher than about 1.4M compared
to that predicted in the present work. This issue deserves to be
addressed in more detail in paper II by means of stellar models.
6.3. Need for a medium coupling formalism
The available asymptotic analyses provide the expression for the
coupling factor in two limiting cases only. On the one hand,
Shibahashi (1979) assumed that the turning points associated
with the evanescent region are far away from each other. The
wavenumber integral over the considered region is much higher
than unity and the effect of the gradients in the equilibrium struc-
ture near the evanescent region can be neglected. This formalism
can thus be applied to describe thick evanescent zones. On the
other hand, Takata (2016a) assumed that both turning points are
very close to each other and accounted for the zeroth-order influ-
ence of the gradients in the equilibrium structure. More specifi-
cally, he assumed a particular ordering in Eq. (50) of his paper,
which reads ∆r/rev ≈ 2 tanh (a˜ K−1/2) in our notations, where K
and a˜ are a large real constant and a real function with a modulus
lower than about unity, respectively. This formalism can thus be
used to deal with very thin evanescent zones.
However, none of these formalisms formally describes the
intermediate case of a medium coupling. As pointed out in
Sect. 4.1.1, the expression of Takata (2016a) does not even con-
verge to the expression of Shibahashi (1979) when the evanes-
cent zone is artificially made very large. This dichotomy be-
tween both limiting cases and their unclear domains of applica-
bility make ambiguous the comparison between asymptotic val-
ues of q and observations, and demanded to use simplifying ad-
ditional assumptions in Sect. 5. New theoretical developments in
the hypothesis of a medium coupling, that is, between both pre-
vious limiting cases, are therefore needed to overcome these is-
sues. Such improvements are currently investigated (Takata, priv.
comm.).
7. Conclusions and prospects
In the present work, we investigated the potential of the coupling
factor of dipolar mixed modes, q, in probing the internal proper-
ties of post-main sequence stars. In this first paper of the series,
an analytical approach, based on the asymptotic theory of mixed
modes, was considered.
This seismic parameter is known to be sensitive to the struc-
ture of the evanescent coupling region of mixed modes. First,
guided by stellar models, we highlighted that the evanescent re-
gion of typically-observed mixed modes progressively migrates
from the radiative to the convective regions after the main se-
quence. In subgiant and young red giant stars, the evanescent
region is located in the radiative layers between the hydrogen-
burning shell and the base of the convective zone. There, the
Brunt-Väisälä and Lamb frequencies vary at first approximation
as power laws of radius with the same exponent. We clearly
showed using the hydrostatic and the continuity equations that
this peculiar behavior directly originates from the high local den-
sity contrast compared to the helium core. In evolved RGB stars,
which correspond to stars with ∆ν . 10 µHz, the evanescent re-
gion is situated in the lowest part of the convective region, where
the Lamb frequency also varies at first approximation as a power
law of radius but the Brunt-Väisälä frequency vanishes. Assum-
ing such a power-law structure and accounting for the migra-
tion of the evanescent region with evolution, we obtained ana-
lytical expressions of the coupling factor based on the asymp-
totic formulations of dipolar mixed modes of Shibahashi (1979)
and Takata (2016a). The non-negligible effect of the perturbation
of the gravitational potential on the coupling factor of dipolar
modes was clarified and taken into account.
The model shows that the value of q depends in general
on two structural parameters: first, the radial extent of the
evanescent region normalized by its middle radius, denoted with
∆r/rev; second, the density scale height in the evanescent region,
represented by the logarithmic slope of the critical frequencies,
denoted with β. The model predictions provide us with some
clues about the reasons for the variations of q during evolution
observed by Mosser et al. (2017):
– From the subgiant branch to the beginning of the RGB, that
is, for ∆ν & 18 µHz, the peak in the observed value of q
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is necessarily associated to a decrease in ∆r/rev to at least
about 0.15, followed by a subsequent increase. The large
spread in the measurements during the peak phase suggests
that the coupling region can even become much thinner.
– In the following transition phase, which we estimated for
10 µHz . ∆ν . 18 µHz, the evanescent region progressively
migrates from the radiative to the convective regions. The
small observed decrease in q over this phase can result
either from a predominant increase in ∆r/rev, either from the
predominance of the progressive migration of the evanescent
region, or from both ingredients simultaneously. Unlike the
gravity offset, εg, we find that the progressive migration of
the evanescent region is not associated with a sharp variation
in q.
– In more evolved red giant stars, that is, for ∆ν . 10 µHz, the
coupling factor turns out to be mainly sensitive to ∆r/rev;
the slight decrease in q observed in such stars mainly results
from an increase in ∆r/rev as νmax decreases.
– In red clump stars, the evanescent regions of which are in
the radiative region, the negligible variations in q around 0.3
and the small spread in the measurements indicate that the
structure of their mid-layers very slowly varies during the
helium burning phase.
The model also gives us more specific insights into the prob-
ing potential of q. In very thin evanescent regions, as found
in subgiant and red clump stars, the degeneracy of q prevents
us from unambiguously concluding on the mid-layer proper-
ties without any other information than its value. In contrast, in
evolved RGB stars, q can provide us with stringent constraints on
the location and migration of the base of the convective region,
as well as on the local convective extra-mixing. This appears to
be promising for instance for the study of the first dredge-up
or the RGB luminosity bump. Nevertheless, we find that a rele-
vant comparison between the theoretical predictions and obser-
vations in these evolved stars needs to account for the frequency-
dependence of the coupling factor over the observed frequency
range, which is not considered in the usual measurement meth-
ods and could affect the physical interpretation of the observa-
tions. Finally, the model also highlights the need for the devel-
opment of a medium coupling formalism, tackling the interme-
diate case between very thin and thick evanescent regions. This
will enable us to assess properly and unequivocally the relation
between q and the internal properties, in particular in young sub-
giant and young red giant stars; this point will demand to go be-
yond the current theoretical picture of mixed modes.
All the lessons already learned from the analytical model will
help us go further in the investigation. The next step will consist
in exploring the link between the asymptotic value of q and the
internal properties using stellar models of different masses, and
confronting the results to the observations. This will permit to
question the results of the present study, as well as the structural
origin of the variations in q in subgiant and red clump stars, for
which the degeneracy of q with the internal properties prevents
us from directly concluding. This will be subject of the forth-
coming paper II of this series. However, in order to test stellar
models, it is also necessary to develop seismic diagnoses that
can independently probe the evanescent region, as for instance
the diagnosis developed by Goupil et al. (2013) for the inter-
nal rotation. Another seismic index is thus necessary for mak-
ing such a model-independent probing of the mid-layer structure
possible. The simultaneous measurement of the gravity offset of
mixed modes with q represents an interesting option. Actually,
Takata (2016a) demonstrated that εg also depends on ∆r/rev and
β. Moreover, in evolved RGB stars, Pinçon et al. (2019) showed
that εg is also sensitive to the base of the convective region and
overshooting. Therefore, both measurements of q and εg could
be complementary and provide a model-independent informa-
tion on the mid-layer structure of red giants. This promising pos-
sibility will be studied in a further paper.
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Appendix A: Impact of the Cowling approximation
on dipolar mixed modes
The Cowling approximation consists in neglecting in the stellar
oscillation equations all the terms associated with the Eulerian
perturbation of the gravitational potential, denoted by Φ′ (e.g.,
Cowling 1941; Unno et al. 1989). This hypothesis is actually
equivalent to assume ρ∇rΦ′  ρ′g in the radial linearized mo-
mentum equation, where ∇r is the radial component of the nabla
operator, ρ is the density, g is the gravitational acceleration and
ρ′ represents the Eulerian perturbation of density. Indeed, it is
possible to show that this latter assumption implies ρΦ′  p′
in the horizontal linearized momentum equation, where p′ rep-
resents the Eulerian perturbation of pressure. As a result, the lin-
earized Poisson equation, ∇2Φ′ = 4piGρ′, becomes decoupled
from the momentum equation, which greatly simplifies the stel-
lar oscillation equations. In this section, we discuss the validity
of the Cowling approximation and in particular, its effect on the
physical description of dipolar mixed modes in evolved stars.
Appendix A.1: Validity conditions
In the following, we assume ∇rΦ′ ∼ Φ′/λr in order of magni-
tude. In the regions where the WKB approximation is met, λr
represents either the local radial wavelength or the length of de-
cay of the wave function, depending on whether we consider
oscillating or evanescent regions, respectively. Otherwise, it is
on the order of the pressure scale height, Hp. In these considera-
tions, the Poisson equation can be rewritten given the decompo-
sition onto the spherical harmonics such as(
1
λ2r
+ k2h
)
Φ′ ∼ 4piGρ′ , (A.1)
where k2h = `(` + 1)/r
2 is the squared horizontal wavenumber
with ` the angular degree. To go further, we can also rewrite the
gravitational acceleration such as g = GMr/r2 = (4piGr/3) ρav,
where ρav is the mean density inside the shell of radius r, which
satisfies the condition ρav(r) > ρ(r). Using the latter expression
of g, ∇rΦ′ ∼ Φ′/λr and Eq. (A.1), orders of magnitude give(
ρ∇rΦ′
ρ′g
)
∼ 3 ρ
ρav
(λr/r)
1 + `(` + 1) (λr/r)2
. (A.2)
Equation (A.2) tells us that the Cowling approximation is appro-
priate when at least one of three following conditions is met:
(A) the considered angular degree ` is higher than unity;
(B) the short-wavelength WKB approximation is met, that is, if
λr/r  1;
(C) or the density contrast between the considered layer and the
inner bulk is high, that is, if ρ/ρav  1 (i.e., J ∼ 1).
The conditions (A) and (B) are related to an averaging effect over
the volume of the star. Indeed, if the number of nodes in the hor-
izontal or in the radial directions is large enough, the small-scale
density perturbations integrated over the whole volume of the
star are expected to have only a small effect on the local gravi-
tational acceleration. The condition (C) is related to the central
character of the gravitational interaction. If ρ/ρav  1, which is
equivalent to the limit of J → 1 according to Eq. (5), the layers
below the shell of radius r can be regarded as a massive central
point. The local gravitational acceleration thus remains mostly
radial and quasi-unaffected compared to the equilibrium state.
Actually, this confirms through orders of magnitude the result of
Takata (2016a) who rigorously demonstrated for dipolar mixed
modes that the oscillation equations accounting for the effect of
Φ′ tends to the equations within the Cowling approximation in
the limit of J → 1, as mentioned in Sect. 2.1.
In the case of dipolar modes, the first condition is not met
since the horizontal nodes are concentrated on only one equato-
rial plane. Nevertheless, the second and the third conditions can
still be met depending on the regions.
Appendix A.2: Effect on dipolar modes in evolved stars
Well inside both resonant cavities of evolved stars, that is, far
enough away from the associated turning points, the WKB ap-
proximation is met and the Cowling hypothesis is consequently
valid. This point can be more thoroughly discussed in the light
of the analysis of dipolar mixed modes by Takata (2016a). In the
inner buoyancy cavity where σ2  (N2 and S21), the dispersion
relation for dipolar modes in Eq. (1) becomes
k2r =
2N2
r2σ2
[
1 + O
(
σ2
N2
)]
≈ 2N
2
r2σ2
, (A.3)
while in the external acoustic cavity where σ2  (N2 and S21),
it reads
k2r =
σ2
c2
1 + O S21
σ2
 ≈ σ2c2 . (A.4)
As shown by Eqs. (A.3) and (A.4), the dispersion relation is
not modified at leading order by the Cowling approximation in
such regions. The correction resulting from the effect of Φ′ (i.e.,
through the J factor) appears only in higher order terms. This ex-
plains why the asymptotic expressions of the period spacing and
the frequency large separation of dipolar mixed modes, which
correspond to leading-order terms in the asymptotic formula-
tion, are not modified within the Cowling approximation, unlike
the gravity offset that corresponds to higher order terms (Takata
2016a; Pinçon et al. 2019). We also note that Eq. (A.3) confirms
in the case of dipolar oscillations the result of Dintrans & Rieu-
tord (2001), who demonstrated that the Cowling approximation
is valid for low-frequency gravity waves of any angular degree
because of their incompressible character (i.e., when σ2  N2).
In contrast, inside the evanescent region and in the vicinity
of the associated turning points, the WKB approximation does
not apply since λr ∼ Hp. First, this is easy to confirm close to the
turning points since k2r → 0. Second, inside the evanescent zone,
Eq. (1) shows that the squared modulus of the radial wavenum-
ber is equal to
|k2r | =
2J2
r2
(
1 − N
2
σ2
) 1 − σ2S21
 . 2J2r2 . (A.5)
As a result, the Cowling approximation is valid if the third con-
dition about the density contrast (i.e., the limit of J → 1) is met
in this intermediate region. Figure 1 shows that the value of J
can be low enough for the thickness of the intermediate coupling
region to be significantly changed compared to the case within
the Cowling approximation. Moreover, according to Eq. (A.5),
the value of the wavenumber inside the evanescent region is also
modified. Therefore, the value of the coupling factor must also
be affected. We note that the younger the star, the higher the cor-
rection induced by Φ′, as the density contrast between the core
and the envelope (and thus the J factor) is lower, as shown in
Figs. (1) and (2).
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To summarize, our analysis shows that the Cowling approxi-
mation can lead to incorrect description of the coupling of mixed
modes. The formulation of Takata (2006a) in the non-Cowling
case is mandatory for the study of the coupling factor of dipo-
lar mixed modes, in particular for subgiant and young red giant
stars.
Appendix B: On the structure of the evanescent
regions in evolved stars
As seen in Fig. 1, the (modified) Brunt-Väisälä and Lamb fre-
quencies behave at first approximation as power laws of radius in
the evanescent region of evolved stars. In this section, we demon-
strate that the origin of such a behavior is directly due to the high
density contrast existing between the helium core and the enve-
lope, which is measured by the J quantity defined in Eq. (5).
Appendix B.1: Link between J and the critical frequencies
In a first step, we show that the logarithmic derivatives of N and
S `, denoted with βN and βS, respectively, as well as the J fac-
tor are linked to each other through the hydrostatic equilibrium
and the continuity equations. We then demonstrate that an equiv-
alence relation between these quantities exists when βN and βS
are equal constants. The result is extended to the modified def-
initions N and S1 in the case of dipolar modes. The following
statements only assume that N and S ` are decreasing functions
of radius and that the first adiabatic index Γ1 is constant. The
case of radiative regions, in which N2 > 0, is considered before
discussing the case of convective regions, in which we assume
N2 = 0.
Appendix B.1.1: Constitutive equations in radiative layers
In this section, we aim to link J, βN and βS through the hydro-
static equilibrium and the continuity equations. First, according
to Eq. (5), which results from the continuity equation, we obtain
d ln Mr
dx
= 3(1 − J) , (B.1)
where x = ln r. Then, by differentiating J with respect to x and
using again Eq. (5), the derivative of ρ with respect to x, which
is renamed as −B(x), can be expressed as a function of J only,
that is,
B(x) ≡ −d ln ρ
dx
= 3J +
1
1 − J
dJ
dx
. (B.2)
To go further, we consider the hydrostatic equilibrium equation,
that is, (dp/dx) = −ρgr, where g = GMr/r2 is the gravitational
acceleration. Dividing this equation by the product −Γ1p, taking
the logarithmic derivative, and using Eqs. (B.1) and (B.2), we
obtain
d lnV
dx
=
d ln ρ
dx
+
d ln Mr
dx
− 1 + Γ1V
= −B + 3(1 − J) − 1 + Γ1V , (B.3)
where Γ1 was considered as constant and we defined the positive
quantity
V = − 1
Γ1
d ln p
dx
. (B.4)
The final step consists in rewriting the logarithmic deriva-
tives of the Lamb and Brunt-Väisälä frequencies as a function of
J,V and B only. First, the squared Lamb frequency (for any an-
gular degree `) can be rewritten from the hydrostatic equilibrium
as
S 2` =
`(` + 1)c2
r2
=
`(` + 1)Γ1p
ρr2
ρg
−(dp/dr) =
`(` + 1)
V
g
r
. (B.5)
Using the fact d ln(g/r)/dx = −3J according to Eq. (B.1), the
logarithmic derivative of the Lamb frequency is given by
βS(x) ≡ −d ln S `dx =
1
2
(
3J +
d lnV
dx
)
. (B.6)
In a similar way, the logarithmic derivative of the Brunt-Väisälä
frequency is equal, according to Eq. (4) with N = JN , to
βN(x) ≡ −d lnNdx =
1
2
(
3J − d lnA
dx
)
, (B.7)
where
A =
(
1
Γ1
d ln p
dx
− d ln ρ
dx
)
= −V + B . (B.8)
We emphasize thatA is a positive quantity in the radiative zone
since N2 = gA/r & 0.
To derive a differential system linking J, βS and βN, we first
expressV from Eq. (B.6) such as
V(x) = V0 exp
(∫ x
x0
[2βS − 3J] dx
)
, (B.9)
where the subscript 0 denotes the value at r = r0 (i.e., at x = x0).
Then, by integrating Eq. (B.7), we also obtain
A(x) = −V + B = A0 exp
(
−
∫ x
x0
[2βN − 3J] dx
)
. (B.10)
By injecting Eq. (B.9) into Eqs. (B.3) and (B.10), the B quantity
in Eq. (B.2) can be expressed following three different ways as a
function of the dependent variables J, βS and βN, which are
B(x) = 3J + 1
1 − J
dJ
dx
(B.11)
= −2βS + 2 + Γ1V0 exp
(∫ x
x0
[2βS − 3J] dx
)
(B.12)
= A0 exp
(
−
∫ x
x0
[2βN − 3J] dx
)
+V0 exp
(∫ x
x0
[2βS − 3J] dx
)
. (B.13)
Defining the dependent variables W, X, Y and Z such as
W = A0 exp
(
−2
∫ x
x0
βN dx
)
, X = V0 exp
(
2
∫ x
x0
βS dx
)
,
Y = exp
(∫ x
x0
3J dx
)
, Z =
dY
dx
= 3JY , (B.14)
Eqs. (B.11)-(B.13) can be rewritten in the form of a first-order
ordinary nonlinear system of three differential equations, that is,
d
dx
XY
Z
 =

2X + (Γ1 − 1) X
2
Y
−WXY
Z
2Z2Y + 3Z − 3W + WZY − X
Y
(
3
Y
− Z
)
 , (B.15)
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with W0 = A0, X0 = V0, Y0 = 1 and Z0 = 3J0 as initial values.
Therefore, given the definitions of W, X, Y and Z in Eq. (B.14), if
at least one of the three variables J, βS and βN is specified around
r0, it is possible to deduce the two other ones through Eq. (B.15).
Since the coupling factor of mixed modes mostly depend on N,
S ` and J (see Sect. 3.3), its expression thus must account for this
relation in order to be consistent.
Appendix B.1.2: Expression of J with given βS and βN
Assuming that both βS and βN are known functions of r, the J
factor can actually be analytically expressed in a direct way. In-
deed, by multiplying Eqs. (B.12) and (B.13) by the positive vari-
able Y , we obtain the following quadratic equation for Y ,
AY2 + BY +C = 0 , (B.16)
with
A = A0 exp
(
−2
∫ x
x0
βN dx
)
> 0 (B.17)
B = 2(βS − 1) (B.18)
C = −V0 [Γ1 − 1] exp
(
2
∫ x
x0
βS dx
)
< 0 . (B.19)
The sign of C results from the thermodynamical condition
Γ1 > 1. The discriminant of the second-order equation, ∆ =
B2 − 4AC, is strictly positive and greater than B2. The unique
(positive) solution is thus given by Y = (−B + √∆)/2A. Com-
puting the logarithmic derivative of Y , we then obtain
J =
2
3
[
βN − 1AY
(
β′S
2
− β
′
S(βS − 1) + AC [βN − βS]√
∆
)]
, (B.20)
where β′S(x) = (dβS/dx).
Appendix B.1.3: Equivalence relation
Analysis: If βS and βN are both fixed to a given constant β,
then Eq. (B.20) shows that J is uniform with respect to radius
and equal to 2β/3. According to Eq. (B.2), this assumption thus
implies that the density varies as a power law with respect to ra-
dius, that is, such as B = −(d ln ρ/dx) = 3J. Moreover, Eq. (B.6)
firstly shows that (d lnV/dx) is constant; secondly, Eq. (B.3)
shows that this constant is zero and that −(d ln p/dx) = 6J − 2.
It is easy to check that this solution also satisfies Eq. (B.11).
Therefore, the pressure also varies as a power law with respect
to radius. In other words, the equation of state has a polytropic
form such as P ∝ ργ, where the polytropic exponent is equal to
γ = 2 − 2/(3J). In conclusions, a necessary condition for βS and
βN to be equal constants is that J is constant and the equation of
state is polytropic.
Synthesis: If J is uniform and P ∝ ργ, (d ln ρ/dx) and
(d ln p/dx) are also uniform according to Eq. (B.2). Therefore,
we deduce according to Eqs. (B.4) and (B.8) that βS and βN are
both constants equal to 3J/2, and that γ = 2 − 2/(3J).
Conclusions: The Brunt-Väisälä and Lamb frequency follow
decreasing power laws of radius with the same exponent β if
and only if J is uniform and the equation of state is polytropic.
The equivalence configuration corresponds to a power-law solu-
tion of the internal structure, where (d ln p/dx), (d ln ρ/dx) and
(d ln Mr/dx) are constants. As a corollary, J, β and γ are related
to each other through the equations β = 3J/2, as previously
found by Takata (2016a), and γ = 2 − 2/(3J).
Appendix B.1.4: Extension to N and S1 for dipolar modes
We now consider the modified Brunt-Väisälä and Lamb frequen-
cies for dipolar modes, the logarithmic derivatives of which are
denoted with β?N and β
?
S .
On the one hand, if J is supposed to be uniform and P ∝ ργ,
it is then straightforward to show that β?N = β
?
S = 3J/2 following
the same reasoning as in the second paragraph of Sect. B.1.3 and
the definitions of N and S1 in Eq. (2).
On the other hand, using βN = β?N + (d ln J/dx) and
βS = β
?
S − (d ln J/dx) in Eqs. (B.11) and (B.13), and defining the
new variables W? and X? by replacing βN in Eq. (B.14) with
β?N and βS with β
?
S , it is possible to demonstrate that W
?, X?, Y
and Z are also linked by a first-order nonlinear system of three
differential equations. If we impose that β?N and β
?
S are equal to
a same constant, the differential system reduces to a nonlinear
first-order system of two differential equations for Y and Z. The
constant β = β?N = β
?
S is linked to the derivatives of W
? and X?,
so that its choice is not arbitrary but is determined by the initial
values of the problem. Actually, using the relation B = A +V,
it is easy to show that a trivial solution of the differential sys-
tem given by Eqs. (B.2), (B.3), (B.6), and (B.7), in which we
use βS = β?S − (d ln J/dx) and βN = β?N + (d ln J/dx), is also
J = J0. This condition again implies β = 3J0/2. Assuming that
the Cauchy-Lipschitz theorem on the initial value problem is ap-
plicable over the evanescent region, which is usually the case,
the constant solution J = J0 is the unique solution. Moreover,
since we also have βN = β?N and βS = β
?
S in this case, the equa-
tion of state also turns out to be polytropic according to the first
paragraph of Appendix B.1.3.
Therefore, the same conclusions are reached for the modified
critical frequencies; β?N and β
?
S are equal constants if and only if J
is uniform and the equation of state is polytropic, which implies
β = 3J/2, γ = 2 − 2/(3J), and a power-law configuration for the
internal structure.
Appendix B.1.5: Case of convective regions
In the case of an adiabatic convective zone, we have A ≈ 0
since P ∝ ρΓ1 . A general analytical expression of J can thus be
directly derived. Indeed, we haveV ≈ B according to Eq. (B.8)
withA ≈ 0. Using Eqs. (B.3) and (B.6), we can thus expressV
as a function of βS and inject the result into Eq. (B.3) to finally
obtain
J =
2
3
βS −
β′S
3(βS − 1) . (B.21)
Following the same reasoning as in Sect. B.1.3, it is possi-
ble to demonstrate that J is uniform if and only if βS is con-
stant; in this case, βS = 3J/2, the polytropic exponent is equal to
γ = 2 − 2/(3J) and the internal structure behave as power laws
of radius.
However, since the temperature gradient is adiabatic in con-
vective zones, γ = Γ1 = 5/3 for a totally ionized monatomic
ideal gas. If the equivalence was met, we would thus obtain
J = 2, which is not possible since J < 1 by definition. Such
an equivalence configuration is thus not valid in convective re-
gions. Indeed, while the profile of the Lamb frequency behaves
at first sight like a power law of radius in the evanescent region
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of the model ER in Fig. 1, we can see in Fig. 2 that the value of
J decreases of about 20% over the evanescent region, and there-
fore cannot be regarded as rigorously uniform.
To understand the profile of J, it is useful to consider the
derivative of J with respect to radius. According to Eq. (B.2),
this reads
d J
d ln r
= (1 − J)
(
−d ln ρ
d ln r
− 3J
)
. (B.22)
As the value of J rapidly varies from small values to about
unity in the vicinity of the hydrogen-burning shell, the sec-
ond term in brackets in the right-hand side of Eq. (B.22) be-
comes negative and J starts decreasing with radius. In contrast,
in the upper layers close to the surface, the density vanishes and
−(d ln ρ/dr)  1. As a consequence, Eq. (B.22) becomes posi-
tive and J starts increasing toward unity. These facts result in the
existence of a minimum in the J factor that is located in the ex-
ternal convective zone of the model ER (and in the model YR).
We emphasize that, in the model SG, the minimum of J is even
located in the radiative region because of a lower density con-
trast4. Because of the necessary variation of J in the convective
region, the link between β and the J factor is thus provided by
the differential equation in Eq. (B.21).
In the case of the modified expression of the Lamb frequency
for dipolar modes, we note that the same conclusions hold true.
The general expression linking J and β?S is however more com-
plex than Eq. (B.21) since βS in this equation must be replaced
by β?S − (d ln J/dx) and thus also involves the derivatives of J
with respect to radius.
Appendix B.2: Structure of the upper radiative layers
In Sect. B.1, we have demonstrated that the Brunt-Väisälä and
Lamb frequencies vary as power laws of radius with the same
exponents between the hydrogen-burning shell and the base of
the convective zone if and only if J is uniform and the equation
of state is polytropic. While it is easy to confirm through stel-
lar models that these conditions are met at first approximation
in this region of evolved stars (e.g., Maeder 2009; Kippenhahn
et al. 2012, see also Figs. 1 and 2), we propose in the following
to discuss this point considering simplified analytical solutions
of the internal structure equations. Actually, we show that these
conditions mainly originate from the high density contrast be-
tween these layers and the helium core.
Appendix B.2.1: Hypothesis of a high density contrast
In a first step, we assume that the density contrast between the
considered layers and the helium core is very high. We then aim
to show that such an assumption implies that the equation of
state is polytropic and J is uniform in a good approximation.
First, the definition of J in Eq. (5) shows that the high density
contrast compared to the helium core implies ρ/ρav  1 and
J ∼ 1. According to Eq. (B.22), the derivative of J with respect
to radius is thus expected to be small so that J remains about
uniform, as expected. Second, regarding the polytropic approxi-
mation, we need to use the following reasonable considerations
to move forward:
4 There is not such a local minimum in the solar case since the density
contrast compared to the core is lower than in subgiant stars, so that
J is low except in the surface layers and monotonically increases with
radius.
1. The medium is non-degenerate and the equation of state can
be assumed to follow the ideal gas law. In addition, the mean
molecular weight can be supposed to be nearly uniform in
this region if we neglect the impact of microscopic diffusion
and the existence of local sharp variations resulting, for
instance, from the migration of the base of the convective
during evolution (e.g., Cunha et al. 2015).
2. The luminosity is constant and equal to the total luminosity
of the star since it is fully produced in the underlying
hydrogen-burning shell.
3. In the range of temperature expected in this region,
the opacity predominantly can originate either from the
Bremsstrahlung mechanism or even from bound-free elec-
tronic transitions near the base of the convective region (e.g.,
Kippenhahn et al. 2012). The Rosseland mean opacity, κop,
thus can be supposed to follow the Kramers law, that is,
κop = κop,0ρ
rT−s, where κop,0 is a positive constant, r ≈ 1,
and s ≈ 7/2.
4. Owing to the high density contrast between the helium core
and the envelope, the mass Mr inside a spherical shell of
radius r is assumed to change very slowly with respect to
radius, unlike the density ρ. It can thus be supposed to be
equal to the mass of the helium core, Mc, in the hydrostatic
equilibrium equation.
5. Because of the ideal gas law, the temperature and the
pressure are supposed to change rapidly with respect to
radius in this region since the density is supposed to vary
rapidly.
Then, using the hydrostatic equilibrium and the radiative trans-
port equations, the pressure and the density are related to each
other by (e.g., see Eq. (21.16) of Kippenhahn et al. 2012)
p ≈ pi
(
ρ
ρi
)(4+s+r)/(3+s)
, (B.23)
where the assumption 5 is considered in order to neglect the in-
tegration constants and the subscript i indicates values taken at
radius ri, just above the hydrogen-burning shell. Therefore,the
equation of state is polytropic in a good approximation in the up-
per layers of the radiative region, with a polytropic exponent that
is about equal to γ = (d ln p/d ln ρ) = (4 + s + r)/(3 + s) = 1.31.
In consequence, assuming a high density contrast between
the upper radiative layers and the underlying helium core is suf-
ficient for the equation of state to be polytropic and the J factor
to be nearly uniform with radius in a good approximation. As
shown in Appendix B.1, this is equivalent to a power-law behav-
ior of the internal structure.
Appendix B.2.2: Power-law solutions of the internal structure
Similarly to Applegate (1988), we now search for power-law so-
lutions of the internal structure equations above the hydrogen-
burning shell, that is, in the form of
Mr = Mi
(
r
ri
)a
, ρ = ρi
(
r
ri
)−b
p = pi
(
r
ri
)−c
, T = Ti
(
r
ri
)−d
, (B.24)
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Using the assumptions 1-3 in Sect. B.2.1 and injecting Eq. (B.24)
into the continuity, hydrostatic equilibrium, radiative transport
equations and the ideal gas law, Applegate (1988) found
a =
s − 3r
3 + s − r b =
9 + 2s
3 + s − r (B.25)
c =
12 + 2s + 2r
3 + s − r d =
3 + 2r
3 + s − r . (B.26)
Since the Bremsstrahlung effect and bound-free electronic tran-
sitions dominate the opacity, the power-law solutions are char-
acterized by a = 1/11, b = 32/11, c = 42/11, and d = 10/11.
As a result, the polytropic exponent is still equal to γ = c/b =
1.31. This result justifies a posteriori the assumption 5 made in
Sect. B.2.1 about the behavior of P and T with respect to radius.
According to Eq. (B.1), we also find J = b/3 = 32/33, which
is very close to unity. Therefore, this model suggests that the
high density contrast between the considered layers and the he-
lium core is not only sufficient, but also necessary to explain the
power-law behavior of the internal structure.
Appendix B.3: Concluding synthesis
In the region located between the hydrogen-burning shell and
the base of the convective region, the high density contrast com-
pared to the underlying helium core is the main responsible for
the similar power-law behavior of the Brunt-Väisälä and Lamb
frequencies. Indeed, under this condition, J is uniform and the
equation of state is polytropic, which implies that p, ρ and Mr
are power laws with respect to r. As a result, the Brunt-Väisälä
and Lamb frequencies are also power laws of r with the same
exponent, β. In addition, β is linked to the J factor by the simple
relation β ≈ 3J/2. In contrast, in the adiabatic convective enve-
lope, such a configuration is forbidden: J varies with respect to
radius and is linked to the exponent β through a more compli-
cated differential equation.
Appendix C: Wave transmission and coupling
factor through a parabolic barrier
In this section, we study the problem of the wave transmission
through a parabolic evanescent barrier. This case does not re-
quire any assumptions about the thickness of the evanescent re-
gion to be fully solved, contrary to the asymptotic analyses by
Shibahashi (1979) and Takata (2016a) for realistic stellar struc-
tures (Sect. 3.3). We propose here to retrieve the expression of
the wave transmission coefficient T 2 for this simplified case us-
ing the same method as Phinney (1970) in a geophysical con-
text. In this situation, the wave equation to solve is provided by
Eq. (15).
To continue, we use the change of variable
ζ2 = 4
|kr(rev)|
∆r
(r − rev)2 , (C.1)
so that Eq. (15) can be rewritten in the form of the Weber’s equa-
tion, that is,
d2Ψ
dζ2
+
(
ζ2
4
− a
)
Ψ = 0 , (C.2)
where the positive parameter a is defined5 as
a =
1
4
|kr(rev)|∆r . (C.3)
The general solution of Eq. (C.2) is given by a linear com-
bination of the complex independent parabolic cylinder func-
tions, namely E(a, ζ) and its complex conjugate E?(a, ζ) (e.g.,
Abramowitz & Stegun 1972). When |ζ2|  |a|, that is, far enough
from and on both sides of the region around r = rev, the first-
order asymptotic development of the parabolic cylinder function
is given by
E(a, ζ) ∼
√
2
|ζ | exp
[
+i
(
ζ2
4
− a ln |ζ | + pi
4
+
Ψ2
2
)]
, (C.4)
where Ψ2 = arg [Γ(1/2 + ia)], Γ is the gamma-function and i is
the imaginary unit. In the following, a time-dependence in eiσt
for the wave function and the positive branch in Eq. (C.1) are
considered (i.e., such as ζ and (r− rev) have the same sign every-
where). Within this convention, Eq. (C.4) shows us that E(a, ζ)
corresponds to a regressive wave (i.e., traveling in the negative r-
direction) where ζ > 0; it corresponds to a progressive wave (i.e.,
traveling in the positive r-direction) where ζ < 0. In contrast,
E?(a, ζ) corresponds to a progressive wave where ζ > 0 and a re-
gressive wave where ζ < 0. For later purpose, it is helpful to note
that the change of variable ζ′ = −ζ does not modify the form of
Eq. (C.2), so that E(a,−ζ) and E?(a,−ζ) stand also for the re-
gressive and progressive independent solutions where ζ > 0, re-
spectively, and inversely where ζ < 0. Both sets of independent
solutions {E(a, ζ), E?(a, ζ)} and {E(a,−ζ), E?(a,−ζ)} are linked
by the following connection formula (e.g., Abramowitz & Ste-
gun 1972)
√
1 + e2piaE(a, ζ) − epiaE?(a, ζ) = iE?(a,−ζ) . (C.5)
The transmission and reflection coefficients through the
evanescent region can now be easily determined by means of this
last relation. We consider an incident progressive wave coming
from ζ = −∞ that is both reflected back and transmitted into the
negative and positive ζ-direction in the vicinity of the evanescent
barrier. In the domain where ζ < 0, the incident and reflected
components are thus proportional to the progressive and regres-
sive independent solutions E(a, ζ) and E?(a, ζ), respectively, that
is, such as the wave function is equal to
Ψ = IE(a, ζ) + rE?(a, ζ) , (C.6)
where the constants I and r are the amplitudes of the incident
and reflected waves, respectively. In the domain where ζ > 0,
the transmitted wave is proportional to the progressive solution
E?(a,−ζ), that is, such as the wavefunction can be written
Ψ = tE?(a,−ζ) = −it
(√
1 + e2piaE(a, ζ) − epiaE?(a, ζ)
)
, (C.7)
where the constant t is the amplitude of the transmitted wave and
where Eq. (C.5) was used in the second equality. Since the ex-
pressions of the wavefunction in Eqs. (C.6) and (C.7) are valid
5 In the case where k2r is positive everywhere, there is no evanescent
zone. The wave equation to solve is similar to Eq. (C.2), except that
a < 0. In this case, incident waves still suffer partial reflection close
to rev; a coupling factor can therefore also be defined. This situation is
equivalent to glitches in stars, as already discussed in Pinçon (2018).
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Fig. C.1. Squared wave reflection and transmission coefficients as a
function of the wavenumber integral in the case of a parabolic barrier
(blue and yellow dashed lines, respectively). The corresponding cou-
pling factor computed with Eq. (13) is also plotted in solid line.
whatever the value of ζ, and since E(a, ζ) and E?(a, ζ) are lin-
early independent, the transmission and reflection coefficients of
the wave energy flux finally read, by identification,
T 2 =
∣∣∣∣∣ tI
∣∣∣∣∣2 = 11 + e2pia and R2 =
∣∣∣∣∣ rI
∣∣∣∣∣2 = e2pia1 + e2pia . (C.8)
These expressions satisfy the energy conservation since
R2 + T 2 = 1. Using the wavenumber expression in Eq. (15), we
note that the wavenumber integral over the evanescent region, I,
is related to the parameter a by
I =
∫ rev+∆r/2
rev−∆r/2
|kr |dr = pi4 |kr(rev)|∆r = pia , (C.9)
so that the transmission coefficient can be written as a function
of I only, that is
T 2 =
1
1 + e2I
. (C.10)
The wave coefficients and the associated coupling factor q com-
puted with Eq. (13) are displayed in Fig. C.1 as a function of I.
As seen in Fig. C.1, the smaller I, the larger both T 2 and q in the
ideal case of a parabolic evanescent zone. The result is discussed
in more detail within the framework of mixed mode coupling in
Sect. 3.2.
Appendix D: Gradient-related term G0 in the
formalism of Takata (2016a)
Appendix D.1: General expression
In the limiting case of a very thin evanescent zone, the asymp-
totic analyses of Takata (2016a) resulted in
G0 = pi
κ(x0)
(
d ln c
dx
)2
x0
. (D.1)
In the latter, we have defined x = ln r, x0 = (x2 + x1)/2, and
x{1,2} = ln r{1,2}, where r1 and r2 are the turning points for which
N(r1) = σ and S1(r2) = σ, respectively. The other quantities are
given by
κ =
√
ST (D.2)
c =
(S
T
)1/4
(D.3)
S =
1
(x2 − x)
2J
F2
1 − σ2S21
 > 0 (D.4)
T =
JF2
(x − x1)
(
1 − N
2
σ2
)
> 0 (D.5)
F = exp
[
1
2
∫ x (
V? −A? − J
)
dx
]
, (D.6)
where J is defined in Eq. (5),
V? = − 1
Γ1J
d ln p
dx
and A? = 1
J
(
1
Γ1
d ln p
dx
− d ln ρ
dx
)
. (D.7)
To go further, we also note that according to Eqs. (3) and (4),
V? and A? are respectively related to the (modified) Lamb and
Brunt-Väisälä frequencies through
V? = 1
Γ1J
ρgr
p
=
2J
S21
g
r
and A? = JN2 r
g
, (D.8)
where the hydrostatic equilibrium was used in the first equality.
Appendix D.2: Expression in a simple model
In this section, we compute G0 for dipolar modes assuming that
the modified Brunt-Väisälä and Lamb frequencies vary as power
laws of radius with the same exponent, β. Following the assump-
tions in Table 1, we focus only on Type-a evanescent zones. To
do so, we follow all the successive derivation steps described in
Appendix A.3.1 and A.3.2 of Takata (2016a). However, instead
of considering that the thickness of the evanescent zone is null,
we explicitly take its effect into account. The demonstration is
adapted with our notation, that is, by replacing µ by 2β, and s0
by −(lnα)/2β, with α = (r1/r2)β.
First, using the profiles of N and S1 in Eq. (8), the resulting
relation J = 2β/3 = const. (see Appendix B.1.3), and the fact
that r(x0) =
√
r1r2, we obtain from Eqs. (D.2), (D.4), and (D.5)
κ(x0) =
4
√
2
3
β2
(α − 1)
lnα
. (D.9)
In a similar way, using Eqs. (D.3)-(D.6) and J = 2β/3, the
derivative of c gives(
d ln c
dx
)
x0
= −β
(
1
lnα
+
α
1 − α
)
− V
?(x0) −A?(x0)
2
+
β
3
.
(D.10)
For the computation of V?(x0) and A?(x0), we follow
Takata (2016a) and use the assumptions (1) V? > A? and
(2)V? +A? = 3. For sake of clarity, we justify both assump-
tions. First, the hypothesis (1) results from the fact that the equa-
tion is polytropic in a good approximation in the radiative zones
of evolved stars so that the pressure and the density must sat-
isfy p ∝ ργ, with γ ∼ 1 − 4/3 (e.g., see Appendix B.2.1). From
Eq. (D.7), we can therefore writeA? ∼ V?(Γ1/γ − 1). For a to-
tally ionized monatomic ideal gas, Γ1 = 5/3 and we retrieve (1).
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Second, the hypothesis (2) comes from the assumption about
the power-law profiles of N and S1. Indeed, such an hypothe-
sis implies that J must be considered as uniform, so that accord-
ing to Eqs. (D.7) and (B.2), we retrieve (2). Noting also from
Eq. (8), (D.8) and the relation J = 2β/3 that(
V?A?
)
x0
=
2J2N2S21

x0
=
8
9
β2α2 , (D.11)
the use of the hypotheses (1) and (2) enables us to obtainA?(x0)
by solving the quadratic equation
A?(x0)2 − 3A?(x0) + 89 β
2α2 = 0 , (D.12)
which gives
A?(x0) = 32 − β
√
9
4β2
− 8α
2
9
. (D.13)
Finally, considering Eq. (D.13) andV? +A? = 3 in Eq. (D.10),
and considering Eq. (D.9), we find that the gradient-term G0
given in Eq. (D.1) reads in the simple considered model
G0 = 3pi
4
√
2
lnα
(α − 1)
 1lnα + α1 − α − 13 +
√
9
4β2
− 8α
2
9

2
.
(D.14)
In the limit of ∆r → 0, that is, around α = 1, it is possible
to check using a second-order Taylor expansion that Eq. (D.14)
tends to
G0(α→ 1) = pi
12
√
2
52 −
√
81
4β2
− 8

2
, (D.15)
which corresponds to the expression found by Takata (2016a).
Besides, the extrapolation ofG0 outside of its derivation domain,
that is, in the limit of α→ 0, is equal according to Eq. (D.14) to
G0(α→ 0) ≈ − 3pi
4
√
2
(
3
2β
− 1
3
)2
lnα . (D.16)
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